Chwong 1: Chudi Fourier

- Ham tuan hoan.

- Chubi Fourier cta ham tuan hoan.
/ e

- Cong thic 1ap tinh hé s6 chuoi Fourier.
/ / / e

- Tinh ddi xtrng ciia ham.

- Khai trién ban ky.

- A numerical method.

\ \ N\
- Cac dang khac cua chuoi Fourier.
AN AN

- Ung dung cia chuoi Fourier.
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1.1 Ham tuan hoan

¢ Pinh nghia 1.1:

Ham f(t) tuan hoan, chu ky T, tin s6 co ban @, = 2/T néu théa:

ft+T)=1() Wt (1.1)

< Phan leai: tuan hean sin va tuan hoan khong sin.

% Xac dinh chu kv T: nguyén 1y zero-cross + giao diém tin hiéu
va truc hoanh.

< M6 ta ham tuan hoan: Cho biét chu ky va ham tean hoc mo
ta tin hiéu tuan hoan trong mét chu ky .
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M0 ta toan hoc cho tin hiéu tuan hoan:

f(t)

_3 —_—— ——
HEEEE
4 6 10 12

0

a)Girtat=0vat=4:f(t)=3,tucla f(t)=3 0<t<4.

D) Gitat=4vat=6:f(t)=0,tacla f(t)=0 4<t<6.

” 3 O<t<4
,, f(t) =<
==) Nén ta ¢ thé dinh nghia ham: < 0 4<t<b6
f(t) = f(t+6)
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+VD1.1.1: Tim chu ky T cua tin hiéu tuan hoan

@ vy

4 — —_——
L —L l—[ period = 8 ms

0 6 8 14 16 ¢ (ms)
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“*VD1.1.2: M0 ta toan hoc cho tin hiéu ?

1 Here are the details.

y
KR - 2 0 3
. '\ \ 1 _f2-x <X <
0 fix) {—1 J<x<5

o N L N Fx+5) = f(x).

2 2 3 0<x<4
N s T flx)=45 4<x<7
m)a A T 0 7<x<10
i i _
0 2 4 6 8 10 12 14 x f(x+10) = f(x).
3 y 3 x O<x<4
4 fx)=¢4 4<x<7

” 7-_7_ 0 7<x<9
1 = fFx+9) = ().

4 4 F‘T" 0<x<4
2 NN R LSt
1 |
f(x) 0 1 L -3 1W<x<13
4 10 13 17 Y:s_x
Y . T I, ' f(x+13) = f(x).
p y 5 -1 0O<x<2
] _—— flx)=43 2<x<5
) -1 S<x<7
‘:12':4 6 810 12 «x fx+7) =F().
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<Tai sao phai hoc chuoi Fourier ?

= DC analysis: Inductor — shorted circuit .

= AC analysis:
Fresnel formula

= Periodic signal analysis: using Fourier Series

r ™
| 1.41]
R DCA ACA
resistor |(t)
+
<_> e(t) inductor LS OM
® / 'L' \ Q= O , é 2y
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1.2 Chuoi Fourier cia mgt ham tuan hoan

< Chuoi Fourier cia mét ham tuan hoan f(t), chu ky T la:

o0

f(t) =>a, + > [a,cos(Nw,yt) + b, sin(nwyt)]  (12)
n=1

Véui : n =1,2...
M, = 2T0/T = tan so4 cd batin

x
a, a_, bn = catc hei sod khai triein chuQi Fourier .
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<“Piéu kién ton tai:

= Pinh nghia 1.2:

Mgt ham f(t) c6 thé khai trién dwéi dang chudi Fourier néu no
thoa di€u ki€én Dirichlet phat biéu nhw sau:

to+T
I. Bi chan trong mgt chu ky: L |f(t)| dt < oo

ii. C6 s6 diém cwe dai va cwe tiéu trong 1 chu ky 13 hiru han.

iii. CO so diém gian doan trong 1 chu ky 1a hitu han.
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< Tinh chat hoi tu:

= Pinh 1y 1.1: (Pinh ly Dirichlet)

Néu ham f(t) tuan hoan chu ky T va théa diéu kién Dirichlet thi
chuol Fourier caa f(t) sé hol tu vé :

e f(t) néu f lién tuc tai t.
o [f(t,*) + f(t,’)] néu f gian doan tait.
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< Cac hé so chudi Fourier:

2 T
8 == j f(t)dt
0

2 T
= ! f(t)cos(now,t)dt

26,
b, = ! f(t)sin(ne, t)dt

(1.3)

(1.4)

(1.5)
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<VD1.2.1: Tim chudi Fourier

¥ _if{-r:'

a) Xac dinh chudi Fourier ? :
b) Kiém lai dung MATLAB ?

1 0 1 2 3 ()

Gidl

“»Chuky vatanso coban: [T=3, . =27/T=27/3

<+ Cac hé s6 chuoi Fourier: a, =2,

3 sin dnm 3 I cﬂq—4nﬂ
ﬂ —_— —_— = — — ;
" o 3 b, - 3
m)  (f(1)= 1+ Z iﬂinqﬂﬂﬂﬂ 20! + 5 [] —ms—qnﬂJsin 2n7t
n=0L 07 3 3  nm 3 3
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+VD1.2.1: Kiém lai dung MATLAB

pl = 3.14159;: N=100; T=3; a0 = 1; 25 :
w0 = 2*pi/T; EL J '
t = linspace(0,2*T,600);
for n=1:N el

a(n)= (3/(n*pi))*sin(4*n*pi/3);

b(n)= (3/(n*pi))*(1 - cos(4*n*pi/3)); il
end = 05
for i=1:length(t) ="

f(i) = a0; ol

for n=1:length(a)

f(i) = f(i) + a(n)*cos(n*wO0*t(i)) + 05¢
b(n)*sin(n*wO0*t(i));

end 1 —
end -1.5 L ! L
plot(t,f,'black’); . 1 2 n;g;.
xlabel(‘t(s)');
ylabel('f(t)");
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1.3 Tinh ddi xitng ciia ham:

a) Haem chaiin f{t) = f(-t) : Tin hieiu
nhain truic tung lagm truic fodi

xi')ﬁng.

v(t) &

7 [LON

I I [T I
-4 -3 -2 -1 01 2 3 4 5

aO:

T/2

$ ! f (t)dt

an

T/2

; _c[ f (t) cos(naw,t)dt

) —

(1.6a)

(1.6b)

(1.6¢)

<»Pinh Iy 1.7: Néu f 1a ham tuan hoan chin, théa diéu kién

Dirichlet thi chudi Fourier ciia né c¢6 dang:

f(t) =3a, + > a,cos(nw,t)
n=1

(1.6d)
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b) Ham 1é :

Hagm let f(t) = - f(-t) : Tin hiedu nhain godc

toia fiod lagm tadm fiodi x5ung.

T/2
3,=0 a,=0 :$ [ f@®sin(na,t)dt
(1.7a) (1.7b) O

(1.7¢c)

<Pinh 1y 1.8: Néu f 1a ham tuan hoan 1¢é, théa diéu Kkién
Dirichlet thi chuoi Fourier cia né cé dang:

f(t) = > b, sin(no,t) (1.7d)
n=1
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¢) Ham doi xing nira s6ng:

’ L[] (1] L1J
** Haem iiodi x01‘1ng noda s01‘1ng :

fl)=-ft£T/2):

v TP DC : aO — O (llla) (a)
i -3 A
Khi n ch a = bn =0 (1.11b) ] T,
v' Khi let : > - ”
T, f
4712 — _E_I_ 2 —
a, == j f (t) cos(naw,t)dt| (1.11c) ©
0

T/2 Examples of signals with half-wave symmetry

A4 .
b, = ! f(t)sin(nat)dt| (1.11q)
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d) Poi xirng nira song va chan (Quarter-wave):

even—=Db, =0,n=12,... ’

N

To

2
half - wave symmetry = a, :Ti j f (t)cosna,t dt for n odd
00
a, =0 forneven

T

2
V c0s(2k + 1)yt dt — [V cos(2k +1)w,t dt
T

| =

8
Aokl = T = T

O —n |-

O —N

| 4

V cos(2k +1)w,t dt

8 T/4
— 3= j f (t) cos(na,t)dt  (n:odd) (1.12)
0
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e) Poi xirng nira song va 1é (Quarter-wave):

odd= a,=0; n=012,...

To

2
half - wave symmetry = b, = Ti j f (t)sin naw,tdt for n odd
00

b, =0 fornodd

T/4

= b, =— [ f(®)sin(net)dt (n:odd) (113
0

8
=
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f) Khi ham khéng ¢6 tinh déi xing:

f,) Thay déi thanh phan DC:

flo)

f(t)y —— Fourier Series
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f) Khi ham khong ¢é tinh déi xiéng :

f,) Dich theo t:

0 g(t) 4

]

I I
1y | 1 ! > ) o g
5 a3 2 o 2
f(t) = g(t - Ty/4) Fourier Series of g(t)
Bai giang Toan ky thuit — Khoa Pién & Dién tir - PHBKTPHCM 19




f) Khi ham khong cé tinh d6i xing :

f,) Phan tich thanh phan chin - 16 : ” {

f (t) = o +2f (1) wise) |

(1.14b) | ls

f (t) — f (—t) I * ”LJ,I; L.
2

fo (t) — ikl
_|'Ir.lI-I'II |'|"I [ Td] .ll'lr ||'*l
[ Haom f{-t) xaiic ionh baéng fiod tho | N . I
A 1=d — 1
b -1 | ||
% il e

+* Vag ta cou :

I.-" _.é | ] | iy _!_l
(1.14c) (1.14d) (1.14¢) 0 -

E |.r|IIJr|'_| I}JP * I oz .r|l:-ll|
= = = ) 42 ; ;
a, = 4, s e bn l)no N S [ } It >
|
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Vi dui1.3.1: Xairc fidnh tinh dOi xl¥ng ?

. a) K A
Determine the fundamental frequency 5
and specify the type of symmetry. . - g .
2 - t
-2
f5(1) A
b e (c)
(b) )1
|
- o >
| | | | | | - [
-2 -1 o 1 2 3 4 5 1
(a) , odd and halt-wave symmetric (b) 277/3, even,
(¢) /2, even and halt-wave symmetric
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<VD1.3.2: Chuoi Fourier cho tin hiéu déi xing

Cho ham f(t) dinh nghia béi : f(t) =t + = " |os
(-7 <t<m)vaf(t) = f(t + 2r). Xac dinh /I/I/%
chudi Fourier biéu dién cho f(t) ? e *
Gial alt)
< Ta bidu dién f(t) theo g(t): A A" > A
f(t) = = + g(t) NN

% g(t) 1a tin hiéu doi xirng 1é nén c¢6 chuoi Fourier:

T=2m o,=1;g(t)= t (0<t<m)
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<VD1.3.2: Chuoi Fourier cho tin hiéu déi xing

Cho ham f(t) dinh nghia béi : f(t) =t + = " |os
(-7 <t<m)vaf(t) = f(t + 2x). X4c dinh /I/I/%
chuoi Fourier biéu dién cho f(t) ? t

Gial
bn = i J tSin(no)Ot)dt — E _ tCOS(n(Dot) N 81n(nc002t)
27 4 N, 0 (n®,)

= — 2 cos(n7)
n

< Chuéi Fourier cia g(t): g(t) = Z b_sin(nt)

—cos(n T)

< Chuoi Fourier caa f(t): f(t) = 7z + ZZ sin(nt)
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Vi duil.3.3: Xauc fidonh chuoii Fourier

Determine the trigonometric Fourier series expansion

o) & v(r) M
— p— — — 2 —
I g
| [ T T T >, | | | | | e
43 2 -1 01 2345678 1 B T ST IR B P PR
a b) PO -
T
T,=6 W, =—
0 0 3 -
a(,:%x(2+4):2 : o2
27 2% 8, = —2ginZKID7
a, ZEIZCosna)Otdt +§j4cosna)otdt AT 2k + )7 2
0 1 2
b, ..=——(2-cos(2k +1)
an:i(ZSinz—m—sinn—ﬂ) 2kl (2k+1)7r( ( 7)
Nz 3
24
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Vi duil.3.4: Xauc fionh chuodi Fourier

& Bt
) a,=0 :a
3a) /l/‘“ E-Ej : 2(-1)nn
I/ ! . V \/ bn: n
¥ Y= a.-=3 '3 :iz sin(nm/2)
3b) t(s) : B
> b,=0
1 0 1 3 5
A e[t I
3 a, = 0 : a, _n_ﬂ: sin(nmn/2)
3c) gl | sl |5 ts b = (1- cos(nw/2))
- - N nr
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Vi duil.3.5: Xauc fidonh chuoii Fourier

4a) A ety
2
_ L
1 |z t
) : 0 1 - - (N7 nz a1V
| e)= ) [(%sm(T))cos(Tt)+(%)sm(7t)}
n=1,0dd
4b)  Aemyv
//I/I/
s A &-A
- > e(t):5+z_;n—nsm(nwot)
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Vi duil.3.6: Xauc fionh chuoii Fourier

Lol
a) Q'A £|5._.|oln(2n-~!)u.!
R-

(a) Square wave

ar

b) T ar
4_ 4 ‘:':' \
LA RS P T

008 Rwq!

(¢) Fullbwave rectified sine

A
A
y 0 T r
0 T2 T arn 2 ;
472 24 5 A oo Inwyl - b ik
S+Sunw,r—=F 3§ o LA n = Dwgt
C) i Tt B SY T d) %nﬁl“"—”’ .
(b) Half-wave rectified sine (d) Telsngular wave
27
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1.4 Khai trién ban ky

«» Muc dich: Biéu dién mét ham dwéi dang chudi Fourier.

< Pinh 1y 1.9:

Néu f(t) 1a ham chi xac dinh trén khoang kin [0, L] va théa
diéu kién Dirichlet thi né c6 thé dwec khai trién thanh chudi
Fourier cosin hodc thanh chudi Fourier sin.

< Ca hai chudi goi chung 1a khai trién ban ky cia ham f(t)
trén khoang kin [0, L] .
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a) Cac bwdc tim chudi Fourier cosin:

Xay dwng ham
tuan hoan F(t):

(f(—t) (-L<t<0)

Ft)=<f(t) (O<t<Ll)

F(t) = F(t+2L)

—

R
AL

ii. Xac dinh cac hé so:

2 L
a, = j f(t)dt
0]

w,=rlLa,=

2 L
= ! f(t)cos(nw, t)dt

iii. Viét chudi Fourier.
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b) Cac bwéc tim chudi Fourier sin:

i. Xay dung ham —f(-t) (-L<t<0)
tudn hoan F(t):  F@)=4f(t) (0<t<L)
F(t) =F(t+2L)

ii. Xac dinh cac hé so:
2 _
w,=mlL| [Pn=7 ! f(t)sin(nw,t)dt

iii. Viét chudi Fourier.
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+VD1.4.1: Khai trién ban ky

Cho ham f(t) dinh nghia béi : f(t) = t + 3 A
(0 <t < 2). Xac dinh chudi Fourier sin 2
biéu dién cho f(t) ? ,_.
0 2
Gial oL f(O
<% Thiét 1ap ham 1é va xac dinh: 3
_ 2 t
b, = =(3—-5cosnr) = o ;
e !
< Do @6 chudi Fourier sin: =~ -sk

f(t) ==sin(3t)—2sin(22t) + -sin(32 t) —=sin(4 > t)...
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+VD1.4.2: Khai trién ban ky

A function f(t) defined by : f(t) =2t ,0<t<m. 2r}p-—- =
Obtain a cosine series to present the function ? / e
|
0 T
< We need an even function.
1 y=2t
8 .__:‘:‘_._.2#.___ ——r— —
a2=71 a,= >~ (n:odd) | "“-..,)/[ t(s)
n=m r 0 -

¢ Therefore:

f)=m—- cos(t) — cos(3t) — 2 cos(5t)...

251
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1.5 Cong thic 1ap tinh hé s6 chuodi Fourier

1.5.1 Bwéc nhay cua mot ham:
< Pinh nghia 1.3:

Buwéc nhay cia mot ham f tai t, 1a: | J, = f(t,") = f(t,) | (1.6)
1.5.2 Hai cong thirc Lip dé tinh hé s6 chuoi Fourier:
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*Dinhly 1.2:

Néu f 1a ham tuan hoan chu ky T, théa diéu kién Dirichlet va cé
m bwéc nhay J,, J,, ..., J,, tal m diém gian doan t; <t, <... <t
trong mot khoang chu ky nita hé [a, a + T) thi:

m

a, = —n—io i _n_an‘]kSin(n(DOtk) (L.7)
k=1

(n=1,2,...)

(b,’ = hé s6 chudi Fourier ciia ham f°)
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*Dinh ly 1.3:

Néu f 1a ham tuan hoan chu ky T, théa diéu kién Dirichlet va cé
m bwéc nhay J,, J,, ..., J,, tal m diém gian doan t; <t, <... <t
trong mot khoang chu ky nita hé [a, a + T) thi:

m

1 ' 1

b, =——a, +-- > J.cos(nwt, ) (L8)
k=1

(n=1,2,...)

(a,” = hé s6 chudi Fourier ciia ham f”)
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< Cac cona thire lwona giac thwona duna:
[ ) g
= Poi tong thanh tich:

cosa + cosb = 2cos[( atb)/2] . cos[(a-b)/2]
cosa — cosb =- 2sin[(a+b)/2] . sin[(a-b)/2]
sina +sinb = 2sin[(a+b)/2] . cos[(a-b)/2]
sina—sinb = 2cos[(a+b)/2] . sin[(a-b)/2]
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1.5.3 Toc d tien veé 0 ciia cac hé s6 chuoi Fourier

“ Pinhly 1.4:

1. Khin — oo, c4c hé sé a, va b, trong chudi Fourier ciia ham tuan
hoan f théa diéu kién Dirichlet tien den 0 it nhat ciing nhanh
nhw ¢/n, véi ¢ = hang so Khong phu thuoc n.

2. Néu trong 1), f gian doan trong [a, a + T) thi a, hoic b, va
thwong la ca hai, khong thé — 0 nhanh hon c/n.

3. Néuf, f, ..., f® thoa diéu kién Dirichlet va lién tuc khap noi thi
a, va b — 0 it nhat ciing nhanh nhw c/nk*2,

4. Néu trong 3), f gian doan trong [a, a + T) thi a, hoeiic b, va
thwong 1a ca hai, khéng thé — 0 nhanh hon c/nk+2.
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1.5.4 Pao ham va tich phan ciia chudi Fourier

< Pinhly 1.5:

Tich phan ciia mdt ham f thoéa diéu kién Dirichlet c6 thé tim
bang cach lay tich phan cuaa tirng so hang chuoi Fourier caa né.

“ Pinh 1y 1.6:
Cho mét ham f tuan hoan théa diéu kién Dirichlet va lién tuc
khap noi; neu f’ ciing théa dieu kién Dirichlet; va neu f'(t) ton
tal thi né c6 thé tim bang cach lay dao ham tirng so hang chuoi
Fourier ciaa ham f.
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+VD1.5.1: Tim chudi Fourier = cong thirc Lap

Xac dinh cac hé s6 chudi Fourier dang 19 [/ _
cong tharc 1ap ?
0 =n 2n
Gial
% X4c dinh F(t), t, va J,
4 f(t) — =
F(t) | 10 — t | t,=0| t,=m=
T i T i J, | 10 | -10
— | =
0 T 271 10 _~n 27
U t,
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+VD1.5.1: Tim chudi Fourier = cong thirc Lap

X4ac dinh cac hé sé chudi Fourier dang 10 [[® -
cong thuc 1ap ?

0 = 21
Giii .
. r o e P - . . | Ay 1
% Xac dinh cac hé so chuoi Fourier: > = ?J‘ f(t)dt =5
0

a,, =—-—[10.sin(0) —10sin(nz)] =0

b, ==-[10.cos(0) —10cos(n7z)] = = (oda
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1.6 Phwong phap so tima, va b, :

a) Gidl thiéu:

< Khong phai Iic nao ciing ¢6 dang twong minh ham f(t).

< Tim chudi Fourier khi f(t) cho dang bang s6 hay dé thi.

y = f(t)

Yo ¥i Vo V3 ¥y

Period =T
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b) Thuat toan hinh thang :

% Néu trong chu ky, tin hiéu f(t) dwec 1ay p mau: T = p.At theo
qui luat t; = At, t, = 2A¢, ... thi:

2 | 2 Q&
2 == j f(t)dt ~ 5 > (t,) (1.15a)
0 k=1

1 p
a8 = % j f(t)cos(nw,t)dt = ng(tk)cos(n(ootk) (1.15b)
0 P2

! p
b, = % j f(t)sin(nw,t)dt = %Zf(tk)sin(na)otk) (1.15c)
0 k=1
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s+ Ex 1.6.1: The numerical method

Problem 1. The values of the voltage v volts at
different moments in a cycle are given by:
#° (degrees) V (volts)
30 62
60 35
90 —38
120 —64
150 —63
180 —52
210 —28
240 24
270 80
300 96
330 90
360 70
Draw the graph of voltage V against angle 6 and
analyse the voltage into its first three constituent
harmonics, each coefficient correct to 2 decimal
places.
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% Compute a, and b;:

k @t f(t,) cos(aygty) sin(agt,) f(t,) cos(wgt,) f(t,) sin(agt,)

1 300 62 0.866 0.5 53.69 31

2 60° 35 0.5 0.866 17.5 39.31

3 90° -38 0 1 0 -38

4 120° -64 -0.5 0.866 32 -55.42

5 150° -63 -0.866 0.5 54.56 -31.5

6 180° -52 -1 0 52 0

7 210° -28 -0.866 -0.5 24.25 14

8 240° 24 -0.5 -0.866 -12 -20.78

9 270° 80 0 -1 0 -80

10 300° 96 0.5 -0.866 48 -83.14

11 330° 90 0.866 -0.5 77.94 -45

12 360° 70 1 0 70 0
a,=(2/12)5 (col) = b,=(2/12)5 (col) = -
69.66 46.42
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< Compute a, and b,:

k oot | f(t) cos(2wgt,) sin(2wety) f(t,) cos(2myt,) f(t,) sin(2m,t,)

1 300 62 0.5 0.866 31 53.69

2 60° 35 -0.5 0.866 -17.5 30.31

3 90° - 38 -1 0 38 0

4 120° | -64 -0.5 - 0.866 32 55.42

5 150° | -63 0.5 - 0.866 -31.5 54.56

6 180° | -52 1 0 -52 0

7 2100 | - 28 0.5 0.866 -14 - 24.25

8 2400 | 24 -0.5 0.866 -12 20.78

9 270° | 80 -1 0 - 80 0

10 | 300° | 96 -0.5 - 0.866 - 48 -83.14

11 | 330° | 90 0.5 - 0.866 45 -77.94

12 | 360° | 70 1 0 70 0
a,= (2/12)> (col) = - b,= (2/12)} (col) = 4.91
6.5
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1.7 Cac dang khac cia chuéi Fourier

1.7.1 Chuoi Fourier dang mii phic:

= Tr dang lweng giac, ta c6 dang mii phic ciia chudi Fourier:

INwyt — nmnt
f(t)=c,+ > c,e™ = > ce™ (1.16)
N0 ”:_OO
Trong do: : i
gl _ a —Ib_ a,+1b, ~ _
Co =380, C, = 5 C.n = 5 =G, (1.17)
= Hoic tinh truc tiép cac hé s6 ¢, va ¢, theo cong thic :
LY f(t).e™"™ ol 1.18
Cn — ()e ( ' )
112
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1.7.2 Chuoi Fourier dang song hai:

<% Tir chuoi Fourier dang mii phirc:

o0

o0 -1
f)=c,+ Y c,e™ + Y c,e™' =c,+ Z(cnemot + c_ne‘mot)
n=1 n=1

N=—00

== f(t)=c, +i2\cn\cos(nmot+zcn)
n=1
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¢ Ta cO chuoi Fourier dang séng hai cosin:

f(t) = A, + > A,cos(Noyt +a,) (1.19)
n=1

Véi: A, =24, (1.20)

A Zo, =a_ —jb. =\/aﬁ +b’Z—tan"(b_/a_ ) (1.21)

= Hoic viét dang séng hai sin cia chuoi Fourier:

f(t) = A, + D A sin(Nnot +B,) (1.22)
n=1
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< Y nghia ciia chuoi Fourier hai:
= Khai trién dang séng hai cosin ciia chudi Fourier:
f(t) = A, + Acos(w,t+ )+ A,cos(Lm,t + )
+ A, cos(ko,t+ ) +...

i. Tin hiéu tuan hoan = tin hiéu DC + cac tin hiéu AC c6 tan so
la bol sO cda tan so co ban (gol 1a hat).

ii. Giai bai toan tac dong tuan hoan = bai toan xép chong.

iii. Tao tin hiéu tuan hoean = lay tong cac tin hiéu co ban (nguyén
ly che tao cua function generator).
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1.7.3 Quan hé giira cachésoa, b, A, C.:

a,=2C,; a,=C,+c_ =2Re{c, };
b, =1(c,—c_)=-2Im{c_}

. 1 1
Co :Ao’ ‘Cn ‘:l C_, ‘:E\/aﬁ +b§ :EAn

arg{cn} — _tan_l (bn/an) =0y
arg{c_}=tan" (b /a_ ) =—oa

. 1 o, . _
C,=A, C,=5A ", C

n—

1 —1ia,
LA e

(1.23)

(1.24)

(1.25)

(1.26)
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+VD1.7.1: Cac dang khac ciia chuéi Fourier

Xac dinh chudi Fourier
dang mu phwc biéu dien

v(t) A

L

cho V(t)? T 1 T T >,
4 3 2 -1 01 2 : S 6 7 8
Gial
%+ X4c dinh cac thong s0: T=6 ¢ =~
o T , A K. 2
* Tlnh cacC h? SO. Co ZEJ‘V(t)dt _9
2
14 . i 2 _m
C == j v(t).e "t = = 4e ; dt+ 2e s j de 3 dt
6, ]
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+VD1.7.1: Cac dang khac ciia chuéi Fourier

Xac dinh chudi Fourier 01
dang mi phac biéu dién = —
cho v(t) ? | ||_|__L|1—‘| | !_|_ | |_! >,
-4 -3 -2 -1 01 2 3 4 5 6 7 8
Giai
1 L L o L L .
< Rat gon: C = {4e S —4e3 +2e3-2e 3+4e 3 —4e 3 }
12N
mm) (C = L {48In2n—ﬂ—28 nﬂ}
Nz 3 3
«» Chuéi dang mii phic: Ll
v(t) = 2+Z { |n2n—ﬂ—23|nn—ﬂ}e 3
= nr 3
n=0
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+VD1.7.2: Cac dang khac caa chudi Fourier

To find the complex Fourier series for the function

d.
- 0 =T/2<t<-a/2
fit)=41 —a/2Z<t<af2  wheref(t+T)=[f(t)
0 a2 <t<T/2
(o |
i
. , . _a <~ a/sinnma/T\ ;.
T 2 |%a L t f(t)__’f+Z_ T( nra/T ¢
2 2 2 2 n=—00
n#0
b To find the complex Fourier series for the function
— 1 O<t<a
L) = h t =it
f0={y oorop Wheeft+D)=r()
.ﬂ:t} 4
- A4 = _ipraT @ (Sinnma/T\ ;
-T 0 a T t f(t) ZT—!—"Z::_SOI /T?(W)e’mt
n#0
53
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1.8 Ung dung ciia chuoi Fourier

1.8.1 Tri trung binh va hiéu dung ciia ham tuin hoan:
Neéu mdt ham tuan hoan f chu ky T dwgc khai trién Ian lwet
thanh chuoi Fourier dang chuan, dang séng hai cosin hay sin
va dang mu phuec thi:
< Tri trung binh (Average value) caa ham f la: a,/2 = A, = c,,.

< Tri hiéu dung (RMS value) f, , ciia ham f 1an lwot 1a:

fhd: a_g+£i(a2+b2) (1.27)
V4 250" °

fhd — AS "‘%ZAi fhd :\/CS +22|Cn |2
n=1

(1.28) (1.29)
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¢ Tri hiéu dung chinh xac:

= Tri hiéu dung (RMS value) ciia ham tuan hoan f(t) dwoc dinh

nghia: =
S \/$ | f2(mdt

= Gia tri hiéu dung tinh truc tiép theo cong thirc trén trén dang
tin hiéu dwoc xem la gia tri chinh xac (exact value).

= Gia tri hiéu dung tinh theo chuéi Fourier hai lay dén hai thi
k dwoc xem la gia tri xap xi (estimate value).

= Sai s ciia viéc tinh gia tri hiéu dung theo chudi Fourier hai:

error — |: estimate—exact :|100%
exact
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1.8.2 Pho bién d¢ ciia chuoi Fourier:

Goi tan sé co ban 1a : W, ==

Va tan s6 ciia song hai bacn la :

Duwa vao chuoi Fourier mii phic :

L __ 2nm
(€)) ——-ﬁIl(I)O ==

n

f(t) = i c e

N=—00

1 T/2 _
c:-jmgwm

n
-T/2

(1.30)

(1.31)

(1.32)

(1.33)

< Pinh nghia 1.4: Pho bién d9 ciia chudi Fourier mii phic cia

ham tuan hean f 1a d6 thi cac diém (nw,, |c,|). (1.34)
<+Pho bién d¢ con goi 1a phd tan sé hay tan pho.
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% Pho bién d¢ mét phia:

F(t)=A+3 A cos(not +a,) (2)

Phod biein fiod : biedu diein A_theo n .

Phod pha : biedu diedn Ol theo n .

Cosine expansion
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+VD1.8.1: Ung dung ciia chuoi Fourier

Tin hiéu ap trén mot nhanh cho béi: v(t) = — 2 + 10cos(4t) +
8cos(6t) + 6¢os(8t) — 5sin(4t) — 3sin(6t) — sin(8t) V. Xac dinh: (a)
Chu ky cia v(t) ? (b) Tri trung binh caa v(t) (¢) Tri hiéu dung
cua v(t) ?

a) Xacdinh T: Co: — —
) Xac di 0. (4T =k2xn | = 3K/2 k=2
6T =127 |=3 ‘T:TC
m=2 _
8T = m2x m=4

0) Tritrung binh caa v(t): -2

¢) Pho bién @9 va Tri hiéu dung cia v(t) :

Voo =+/(-2)% +2[10° +8° + 67 +57 + 3% +1] =11,023
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 EX1.8.2: Frequency Spectra

The trigonometric Fourier series of a periodic signal is given by

f(t) = 3+4ms(t— g) + 4v/2sin (St» g)

1. What is the fundamental period of this signal?
2. Sketch the trigonometric Fourier spectra.

3. Sketch the exponential Fourier spectra.
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 EX1.8.3: Frequency Spectra

o0

Determine and plot the first four terms v(t) = Z Qsin Na,t —g—ozcosna)ot)

of the spectrum 1 N7z nN“x
n odd

AZa, =2C =a - jh Ay

Q|
q_
4 40 .20 fs.: Amplitude spectrum
Aloy=-"—— | Z==75/-122° -
- |
A34a3 — _4_02 _ j E — 224 _1020 a R Wy 3wy Sey -"":-‘u wh
‘ < 972- 372. n Wy 3w, Sw, Ty

A. Lo, =13/-97° e
A /o, =092/-95° i

~140°
\ Phase spectrum
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 EXx1.8.4: Frequency Spectra ?

Y N ::;"'

1 -4 10 a 11 |

i/

1 T/2 — Jnoyt |
C, :?j—lef(t)e o ,rfm"-:;‘

sin(nz/5)

C,|=2
nz/5

R e I . | .

The amplilude of & periodic

by
=07 |-
P I
m —H 4 z |
I £ 1

{O, sin(nzz/5) >0 ‘ ‘
o =

Bai giang Toan ky thuit — Khoa Pién & DPién tir - PHBKTPHCM

180°, sin(nz/5) <0 T,



< Ex1.8.5: Using MATLAB

Representation of a symmetrical square wave (E,, = +1, T=2) using
Fourier with N = 11 harmonics and plot its spectrum ? (EX1 1)
% Description: This M-file plots the truncated Fourier Series
% representation of a square wave (Em =+-1, T=2) and its
% amplitude and phase spectrum.
clear; % clear all variables
clf; % clear all figures
N =11, % summation limit (use N odd)
WO = pi; % fundamental frequency (rad/s)
c0=0; % dc bias
t =-3:0.01:3; % declare time values
figure(1) % put first two plots on figure 1
% Compute yce, the Fourier Series in complex exponential form
yce = c0*ones(size(t)); % initialize yce to cO
for n =-N:2:N, % loop over series index n (odd)

cn = 2/(j*n*wo); % Fourier Series Coefficient

yce =yce + real(cn*exp(j*n*wo*t)); % Fourier Series computation
end
subplot(2,1,1)
plot([-3-2-2-1-1 001 1 223],... % plot original y(t)

[(1-111-1-111-1-111],"");

hold;
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 Ex1.8.5: Using MATLAB
plot(t,yce); % plot truncated exponential FS

xlabel('t (seconds)'); ylabel('y(t)");

ttle = ['Truncated Exponential Fourier Series with N ="' ,num2str(N)];
title(ttle);

hold;

% Compute yt, the Fourier Series in trigonometric

yt = cO*ones(size(t));

forn = 1:2:N,
cn = 2/(J*n*wo);

% initialize yt to cO

% loop over series index _.
% Fourier Series Coeffic ™

yt =yt + 2*abs(cn)*cos(n*wo*t+angle(cn));% Fouri
end

subplot(2,1,2)

plot([-3-2-2-1-1 001 1 223],...
[(1-111-1-111-1-111],"");

hold; % plot truncated trigonome

plot(t,yt); =

xlabel('t (seconds)'); ylabel('y(t));

ttle = ['Truncated Trigonometric Fourier Series witfr

title(ttle);

hold;

% plot original

Truncated Exponential Fourier Series with B = 11

-3 -2 -1 a 1 2 3

Truncated Trigonometric Fouriér Series with B =11

t (seconds)
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< Ex1.8.5: Using MATLAB

% Draw the amplitude spectrum from exponential Fourier Series

figure(2) % put next plots on figure 2
subplot(2,1,1)
stem(0,c0); % plotcOat nwo =0
hold;
for n =-N:2:N, % loop over series index n
cn = 2/(j*n*wo); % Fourier Series Coefficient
stem(n*wo,abs(cn)) % plot |cn| vs nwo
end
for n = -N+1:2:N-1, % loop over even series index n
cn =0; % Fourier Series Coefficient
stem(n*wo,abs(cn)); % plot |cn| vs nwo
end Amplitude Spectrum with M= 11
xlabel(w (rad/s)) - A
ylabel(‘|cn]|") 1] =] PR oo R S S S P beemanes -
ttle = ['Amplitude Spectrum with N =',num2str(N _ : : : : : : :
title(ttle); L
grid; 02 g
ok i %:?G?:GT’J)D GLTGE?G?EG@
-40 -30 20 -0 fi 10 20 30 40
w [radds)
Bai giang Toan ky thuit — Khoa Pién & DPién tir - PHBKTPHCM 64




< Ex1.8.5: Using MATLAB

% Draw the phase spectrum from exponential Fourier Series
subplot(2,1,2)

stem(0,angle(c0)*180/pi); % plot angle of cOat nwo =0

hold;

for n =-N:2:N, % loop over odd series index n
cn = 2/(j*n*wo); % Fourier Series Coefficient
stem(n*wo,angle(cn)*180/pi); % plot |cn| vs nwo

end

for n = -N+1:2:N-1, % loop over even series index n
cn =0; % Fourier Series Coefficient
stem(n*wo,angle(cn)*180/pi); % plot |cn| vs hwo

end

Phaze Spectfum with N = 11
xlabel('w (rad/s)') 1ad

ylabel('angle(cn) (degrees)’)

ttle = ['Phase Spectrum with N ="' ,num2str(N)];
title(ttle);

grid;

hold;

a0

anglefcn) (degrees)
-

-100
=40
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s Examples: Frequency Spectra ?

VD1.8.6:

ta) find the trigonometric Fourier series coefficients a-> and b,
(b) calculate the magnitude and phase of the component of f{(¢)
that has e, = 10 rad/s,

(c) use the first four nonzero terms to estimate f(x/2).

(d)showthat ~ -1 L, t t b bt ..
4 13 5 7 9 11

2//

( | I/ |

21| n Lo r:) 37:}?
/’/;

ar=0,b, ==0.3183|A;=0.06366 ¢, =90°

fin/2) = 1.3824

f(n/2) = 1.5 = (6/m)[1 - 1/3+1/5-1/7 +

w4 = 1=13+1/5=-1/T+ -

-]
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s Examples: Frequency Spectra ?

VVD1.8.7: FInd Fourler series
and RMS value ?

f‘h.I The spectra of the
&

Fourier series
4
‘ g
1 2
50°
35°

o
25° 207
T T w,, (rad/s)
-

g 1 2 3 4
6 + 4cos(t + 50°) + 2cos(2t + 35°)
+ cos(3t + 257) + 0.5cos(4t + 20°)

6.828

E a, (radfs)

4

-

)

VD1.8.8:

The voltage across a device 1s given by
v(t)==2+10cos 4 + 8 cos 6f + 6 cos 8t

—5sin 4t —=3sin 6f —sin &t 'V
Find:

(a) the period of v(r),

(b) the average value of v(t),

(c) the effective value of v(¢).

(Ans: T=m; DC=-2; RMS =11.02)
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1.8.3 Nghiém xac 1ap ctia nguon tuan hoan

a) Bal toan:

« Tim dap wng xac lap (steady-state response), hay la nghiém
rieng y(t) caa PTVP neu tac dong (vé phai) x(t) = la tin hi€u
tuan hoan ?

“*M0 hinh bai toan: Cho béi PTVP hay mot mach dién.

X() = a,y” +ay + ay =x(t) |— y(t)

X() /1 Circuit Y
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b) Qui trinh gial bal toan:
Stepl: Xac dinh chudi Fourier dang mii phic ciia x(t):

x(t)= > X, en

N=—o0

Step2: Xac dinh ham truyeén cia md hinh: H(jo) = %

Thay : a,y™ = a_(jo)"Y (o) hay dwa mach sang mién .

Step3: Xac dinh chudi Fourier dang mii phic cia y(t):

yt)= > X, H(ino,).e"

N=—o0
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< Néu c6 md hinh mach dién :

i. Chuyén mach sang mién ® (mién phirc) bang cach thay thé
Ro>R;Lo>joLvatu C—> 1/(joC).

ii. Nguon tuan hoan thay bang X(m).
iii. Giai mach dé c¢6 nghiém Y (o).

iv. Tinh H(jo) biang Y(0)/X(®). Thay ® trong biéu thirc H(jo)
bing N,
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< VD1.8.9: Pap wng ciia nguon tuan hoan

Tim y(t) 1a nghiém cia PTVP: y” + y = x(t) biét x(t) 1a tin hiéu
tuan hoan: x(t) =100 (0<t<2) &x(t)=0(2<t<4)?

Stepl: Tacé o, =m/2 va: X(t) =50+ Z 50(1—;::8”%) a2
N=—o0,#0
2- 3 A H - 1 1 . 4
Step2: Ham truyén: (o) = T = Ty = i

Step3: Tim y(t): -
Y, =X H(®=0)=50 Yy(t) =50+ Z 200(1-cosn) q jnnt/2

jnn(4—n27t2)
n=—o0,#0

Chudi hai: |y(t) = 50+Z:40°(1 C‘;SZ”) cos(n t— 900)
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< VD1.8.10: Pap wng nguon nhiéu tan so

' rrn Determine the current, i(t), If:
16 02 20 mH
" L 100ur v(t) =42+16c0s(377t +30°) +12cos(754t —20°)[V ]
\-/ = O
Z(jw)=R+ jLo+- 1 | = : capacitor acts as open circuit (Z = o)
JCQ) Z (J(D) Io =0
o =377;V(w=2377) =16.£30°, w=T754;V(w=T754) =12/ — 20°,
. . o1 . . |
- _ Z(j754) =16+ j0.020x 754 —
Z(j377) =16+ j0.020x 377 — j 0377 (1754)=16+ ] X T
16./30° 12/ -20°

(w=377)=

>

16+ j7.54— j26.53

i(t) = 0.64sin(377t +79.88°) + 0.75c0s(754t — 26.49°) A

_ o W(w=754)= =0.75/ - 26.49°
=0.64279.88° (0= = 13,96
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Quizzes:

Fourier Series




**Quizl: Encircle the correct answer

1.
The signal 3cos(2xt)+4sin(4xt) has:

(a) 4,=3, ¢,=0 (b) C,,=3/24F /2 (®2=0,bz=4

2. The Fourier series of a(t))

the periodic signal e coe

[

will have no:

(a) DC term (b) odd harmonics @ven harmonics
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**Quizl: Encircle the correct answer

3. The double-sided amplitude spectrum of a real signal

Ways POSSesses:
even symmetry (b) odd symmetry (c) no symmetry

4. Amplitude spectrum of [Cn|
a signal. The power . f______:::__jé____________j .
(across 1QY) is: T T___{}I___T If (Hz)
I S S
(2) 14.5 W (b) 10 W (@.5 W
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