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TINH HUONG KHOT PONG BAI (tiép theo)

THE TICH CUA HINH ELIPSOID

@ Thé tich cta hinh ciu ban kinh R
00




MUC TIEU BAI HOC

Sau khi hoc xong bai nay, sinh vién co thé:

Trinh bay dugc khai niém tich phan bdi ba va cac
U'ng dung cua no, thay dudc tich phan boi ba la
su’ phat trién tu’ nhién cua tich phan kép.

Van dung dugc cac ki thuat tinh tich phan boi ba
va lam dudgc cac bai tap lién quan dén tich phan
boi ba.




CAC KIEN THUC CAN CO

« Gibng nhu doi vai tich phan kép, sinh vién can co
cac kién thc cg ban vé giai tich, dac biét la phép
tinh tich phan ham mot bién so.

e Bén canh do, sinh vién cling can c6 cac kién thuc
vé hinh hoc phang, hinh hoc khdng gian.




HUONG DAN HOC

e Xem bai gidng day dua va tom tat nhitng ndi dung
chinh cua tung bai.

e Tich cuc thdo luan trén dién dan va dat cau héi ngay o
néu co thac mac. “

e Lam bai tap va luyén thi trac nghiém theo yéu cau
tung bai.




CAU TRUC NOI DUNG

‘ 1. Binh nghia — Tinh chat
‘ 2. Cach tinh tich phan boi ba trong hé toa d6 Dé cac

3. Phép ddi bién sb trong tich phan bdi ba

‘ 4. Ung dung cla tich phan bdi ba




1. PINH NGHIA — TINH CHAT

1.1. Binh nghia tich
phan bdi ba

1.2. Tinh chat




1.1. PINH NGHIA TiCH PHAN BOI BA

o f =f(x,y,z) xac dinh trén vat thé dong, bi chdnQ

e Chia Q mot cach tuy y ra thanh n khoi nhd: Q21,Q9,...,Qp.
e Thé tich tuong i'ng madi khdi V(Q1),V(Q2),....V(Qp).

e Trén moi khGi O 1dy tuy y mot di€m M;(X;,Y;,zj).

n
e Lap tdng tich phan: 1, =D f(M;j)- V()
=1

e Chon — +oo sao cho Mﬂ{di}QO , Néu |, — | xac dinh khong phu thudc
I=1n

cach chia mién Q , va cach ldy diém M. thi I dudc goi la tich phdn bdi ba cua
f=f(x,y,z) trén khoi.

| = [[[f(X,Y,z)dxdydz
Q

e Khi do, f goi la kha tich trén Q



1.1. PINH NGHIA TICH PHAN BOI BA (tiép theo)

« Nhén xét: Thé tich vat thé Q I3

V,, = [[| dxdydz
Q

« Dinh ly: NeuQ la mot mién dong, bi chan, cd bién tran tung mang va f(x,y,z)
lién tuc trénQ thi f(x,y,z) kha tich trén

10



1.2.

TINH CHAT

1. V, =[] dxdydz
Q
2. [[[oe-f(x,y,z)dxdydz =af[[ f (X, y, Z)dxdydz
Q 0
3. [[J (f +g)dxdydz = [[[ fdxdydz + [[[ gdxdydz
Q O [9)

4. Néu Q dudc chia lam hai khéi € va €2, khéng dam 1én nhau:

[[] fdxdydz = [[[ fdxdydz + [[[ fdxdydz
Q ") 0,

5. V(X,Y,2) e QT(X,Y,2) <g(X,Y,z) = [[[ fdxdydz < [[[ gdxdydz
Q Q

11



2. CACH TiNH TICH PHAN BOI BA TRONG HE TOA PO PE CAC

Cach tinh: dua vé 3 tich phan xac dinh theo tung bién (tich phan lap)

Tich phan boi ba

Tich phan kép

Truong hdp mién Qla hinh hop chir nhat

Khi do

Q!

Tich phan lap

m F(x.y,z)dxdydz = TdXTdYTf(X, y,2)dz
Q d C m

v

12



2. CACH TINH TICH PHAN BOI BA TRONG HE TOA PO PE CAC
(tieép theo)

0<x<1
Vidy 1: Tinh | = [[[xy?dxdydz ,véiQ:{-1<y<?
@ 1<z<3

1 23 1 2 3
Tacs: | =[dx [dy[xy®dz = [xdx.[ y*dy.[dz
0 11 0o O 1

]
N
w
]
|
w
N
]
w

13



2. CACH TiNH TICH PHAN BOI BA TRONG HE TOA PO DE CAC
(tiép theo)

([a<x<b

Trudng hop mién O xacdinhbdi  Q:y1(X) <y <y,(X)

1Z1(X,y) £2=2,5(X,Y)

b Y2(X)  Zp(Xy)
I_” f(Xx,Yy,z)dxdydz _jdx j dy j f(Xx,y,2)dz
a  yi1(x)  z1(xy)

Vidu 2: Tinh I:jjjzdxdydz VO Qidl<y <

Ta co:

14



2. CACH TiNH TICH PHAN BOI BA TRONG HE TOA PO DE CAC
(tiép theo)

Truong hgp mién () dudc gidi han bgdi: Mat dudi va
mat trén la cac mat Z=2,(X,Y) vaz = z,(X,y), cb

hinh chi€u 1én mat phang Oxy la mién D.

Khi d6 I
Inh chieu
(X,y)
‘”‘jf(x y,z)dxdydz = ”dxdyzz ‘)[( y f(x,y,z)dz
D 1 (X,Y)

15



2. CACH TiNH TICH PHAN BOI BA TRONG HE TOA PO DE CAC

(tiép theo)
z7=2-x%— y2

Vidu 3: Tinh| = ”j zdxdydz , v6i Q dudc giGi han bai
Z = \/x + y

Q
Trudc hét ta xac dinh giao tuyén cua 2 mat cong.

( 2 2 (

z2=2-X"-y z=\/x2+y220
2 2 )

kZ:\/X +y kz_zzz

=z=1= x2+y2=

v

Vay giao tuyén cua 2 mat cong la ducng tron X2 + y2 =1 > G
{x +y- <1

- hinh chiéu ciia Q |én mat phang Oxy la hinh tron D'
z=0

222

:>I_ﬂdxdy | zdz_—ﬂdxdy{(Z X —yz)z—(x2+y2)} =...:%-n

/2y2

16



2. CACH TiNH TICH PHAN BOI BA TRONG HE TOA PO DE CAC

(tiép theo)

Vi du 4: Tinh tich phan bdi ba |=|[[zdxdydz trong d6 V Ia vat thé gii han bdi

\Y

2 \ , v & n A
y=1-X,Z=1-X" va cAc mét phing toa do, (phan z >0)

Hinh chiéu cta V xudng Oxy: Tam giac OAB

Mat phia trén: Z,(X,Y) —1—x°
Mat phia dudi: z=0

= |f _1_jx 2 zdz}dxdy

AOAB ! .
22 1—X2 (1_X2)2
12 ey - S
AOAB| < o AOAB

2
1 1x(1=x°
0 0 2 60

17



2. CACH TiNH TICH PHAN BOI BA TRONG HE TOA PO DE CAC
(tiép theo)

rxz +2% <4
Vidu5: Tinh | = “‘J’\/X2 + zzdxdydz , V6 Q:y=0
Q =2
Y
Hinh chiéu clia V xudng Oxz 13 D: x2 +z2 <4 |2
Mat phia trén: y=2 i \“. [ \ y
Mat phi 5i: y= L , "
at phia dudi: y=0 )f/ U

= I:‘“‘dxdzj‘\/x2 +2z%dy =2H\/x2+22dxdz
D 0 D

Pdi sang toa dd cuc, ta cb

= 1= Zngojrzdr :BZTE
0 0

18



3. PHEP DPOI BIEN SO TRONG TICH PHAN BOI BA

3.1. Phép dbi bién s6

tong quat

3.2. Phép doi bién s6
trong toa do tru

3.3. Phép dadi bién s6
trong toa do cau

19



3.1. PHEP DOI BIEN SO TONG QUAT

Xét tich phan | = ” f(x,y,z)dxdydz
Q

(X =x(u,V,w)
Bat 1y =y(u,v,w)

Z=12z(u,v,w)

X' X' X
)= PXxwy2) y'u y'v y'W
D(u,v,w) % ~ Y 7%
z', 7', Z',
Q <

Khi dé I:” f(x(u,v,w),y(u,v,w),z(u,v,w)).|J| dudvdw
{

20



3.1. PHEP DOI BIEN SO TONG QUAT (tiép theo)

Dat

<

2 2 2

AN AP |
Vi du: Tinh |:” 2dxdydz véi Q:d9 4 1
€2 z>0
X
3
v Xy Xy Xwl B 0 0
EZV :>J: yIU y'V y'W ZO 2 02321:6
. zy Zy Zw!| |0 0 1
T

1= [ 2savaan 12 3 v- 122[423]:8%

21



3.1. PHEP POI BIEN SO TONG QUAT (ti€p theo)
| = “ f(X,y,z)dxdydz
Q

e Khi Q la mdt mién dGi x(rng qua cac mat phang toa d6 hodc cac truc toa dé hodc
gbc O, ta cd két qua sau:

Q=0Q,uQ, véi Q,Q, rdinhau.
> NéuQ,,Q, dbi x(trng nhau qua Oxy thi

0 khi f(x,y,-z) = -f(X,y,2)

2 j j j f(x,y,2)dxdydz khi f(x,y,-z) = f(x,y,2)
!

Il
N

> Né&u £2,,Q, 36 xUrng nhau qua Oyz thi
0 khi f(-x,y,z) = -f(x,y.2)

2 j j j f(x,y,2)dxdydz khi f(-x,y,z) = f(x,y,2)
9]

.

\
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3.1. PHEP POI BIEN SO TONG QUAT (ti€p theo)

> Néu Q,Q, doixung nhau qua Ozx thi
0 khi f(x,-y,z) = -f(x,y,2)

2 j j j f(x,y,2)dxdydz khi f(x,-y,z) = f(x,y,2)
L

N

» Néu Q) ,Q, doixung nhau qua Ox thi
0 khi f(x,-y,-z) = -f(X,y,2)

2 j j j f(x,y,2)dxdydz khi f(x,-y,-z) = f(x,y,2)
Ql

-

> NEu Q,Q, doi xirng nhau qua Oy thi
0 khi f(-x,y,-z) = -f(x,y,2)

2 j j j f(x,y,2)dxdydz khi f(-x,y,-2) = f(x,y,2)
O

/-

"



3.1. PHEP POI BIEN SO TONG QUAT (ti€p theo)

> Néu Q,Q, doixung nhau qua Oz thi

N

0 khi f(-x,-y,z) = -f(x,y,2)

2 j j j f(x,y,2)dxdydz khi f(-x,-y,2) = f(x,y,2)

|

> Néu Q) ,Q, doixung nhau qua goc O thi

N\

0 khi f(-x,-y,-z) = -f(x,y,2)
2 j j j f(x,y,2)dxdydz khi f(x,-y,-2) = f(x,y.2)

97

\
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3.2. PHEP POI BIEN SO TRONG TOA PO TRU

Toa do tru

« Diém M(x,y,z) trong hé truc toa dd Oxyz.

« M dudc xac dinh duy nhat bai bd (r, ¢, 2)

> (r,¢) 1a toa dd cuc ctia hinh chiéu M,
cua M lén Oxy.

> Zla db cao cua M.

> (10,2) dugc goi 1a toa dd tru cla
diém M.

» Cobng thdc doi bién tu toa do
Decasters sang toa do tru:

-

X=TI-COSQ
Jy=r-sing
L=17

\

25



3.2. PHEP DOI BIEN SO TRONG TOA PO TRU (tiép theo)

Pai bién s6 trong toa dd tru (khi Q 13 hinh tru tron hodc tru elip)

-

\

| = [[[f(X,Y,z)dxdydz
Q

X =T-C0SQ

y=r-sing,
Z=12

Jacobi j=r
M&t phia dudi: z=2z,(r,®)
Mét phia trén: Z=2,(r,0)

Hinh chiéu: D:{

RN ORN 0
N<I<r

o Zy(r,9)

Z A

bl 1y z=nte)
/ | | |

Q<> i1

(¢ <0<,

[(0) <1 <n,(¢)

1Z,( @) SZ<2Z,(r,9)

¢
I:jzdcpjdr [ f(rcosorsing,z)-r-dz

] o z(re)



3.2. PHEP POI BIEN SO TRONG TOA PO TRU (tiép theo)
Vi du 1: Tinh tich phén | :m\/xz +y2dxdydz trong do V 1a vat thé gidi han bai:
V

z=4,2=1-x°—y* x> +y* =1.

(X=r-C0os¢ . z
pat {y=r-sing, J=r o

Mat phia trén: 7z =4

Mat phia duGi: zZ —1—x° —y2 —1—r?2
Hinh chiu xudng Oxy: D:x*+y? <1
[ 0<¢<2m

Ve Vi10<r<1

Ll—r <z<4 —_

I—jd(pjdrjrrdz
0 1-r2

I—jd(pjdr[r Z‘ } _Id(l)f(r (3+r ))dl‘—lz—n

27



3.2. PHEP DOI BIEN SO TRONG TOA PO TRU (tiép theo)
Vi du 2: Tinh tich phan | =[[[zdXdydz trong d6 V Ia vat thé gidi han bai:
V

Z=X+y*,2=2+X*+y*,xX* +y* =1.
(X =r-C0SQ
Pt {y=r-sinp, J=r
z=1

\

Mat phia trén: z=2+ r2
Mt phia dudi: 7z =r?

2+r2 27 1 22

28



3.3. PHEP POI BIEN SO TRONG TOA PO CAU

Toa do cau . S n
i i biem M(x,y,z) trong he truc toa do Oxyz.

M dudgc xac dinh duy nhéat bdi b (r,0, )

‘4 r=0M
M(X,V,Z ——
( y/)‘, 8= {0z, 0M)
/7 | ——,
R 7 ip={Ox, Ol )
/r/ : (r,6,0) dudc goi la toa dd cau clia diém M.
|
/
|
,’ 'Z=rcos0
e '
’ I Yy ;s
, Chu vy:
o O Y 0<0<m
r:r\si'nf)\ | /// 0<op<2n or —t<p<T
X S 1/
________________ N 0<r<+w0
Ml(X,y,O)

29



3.3. PHEP DOI BIEN SO TRONG TOA PO CAU (tiép theo)

Poi bién sd trong toa dd cau (khi () cd dang mot hinh cau hay mét phan hinh cau

hay elipsoid)
| = [[[f(x,y,z)dxdydz
Q

(X =r-sinB-cos
bDat <y:r.sin9.3in(P, J=—r2-sin€)
Z=r-coso
P1=0=0,

Q © Q, 110,(9)<6<6, (o)
|1(0,0)<r=<r,(8,¢)

Khi do

P 0, N

| = [ do | dO[ f(rsinBcose,rsindsine,rcoso)-r’sino-dr
@ 6 n



3.3. PHEP POI BIEN SO TRONG TOA PO CAU (tiép theo)

Vi du 1: Tinh tich phan | :m\/x2 +y2 +22dxdydz trong dd V 13 vat thé gidi han bdi:
v

Z>\(XP+Y° X+ +Z8 <z

(X =r-sinB-Ccos@
D3t < y=r-sin0-sinp, J=-r°sind
Z=r-c0S0O

.

(0<p<2n

V oV, 140<0<>
A

\OSFSCOSG

nl4d 2n  cosO (1 \/5]
7T

1= [ dO[dp [ r-risin@-dr =
0 0 0
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3.3. PHEP POI BIEN SO TRONG TOA PO CAU (tiép theo)

Vi du 2: Tinh tich phan | =|[[(y+Zz)dxdydz trong d6 V la vat thé giGi han bdi:
v

z=0,X*+y*+z° =2y (z<0)

Cach 1

(X=r-5iNB-COSQ j__24ino

y=r-sin@-sing, J=-r’sin®

| Z=r-cosb =

bat:

N\

V &V, i 1-<0<n

|0<r<2sin0-sin ¢

T 2sinB-sing

I=[dp [ d0 [ (rsinBsing+rcosh)-resin®-dr
0 n/2 0



3.3. PHEP POI BIEN SO TRONG TOA PO CAU (tiép theo)

Cach 2: Poi sang toa dd cau suy rong
GOc toa do doi vé day

[ X=r-sinB-cose
Jy—1=r-sin0-sing,
| Z=r-cosH
SRS y
Xac dinh can:
( l\ // —I[
0<op<L2n 7 f
- 51 |||| fII|
V & Vl : <§SGSTC = ff
10<r<1 X

T 2n 1
I= [ dO[ do[(L+rsinBsing+rcos6)-r’sind-dp
n/2 0 0
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4. UNG DUNG CUA TICH PHAN BOI BA

TU dinh nghia tich phan bdi ba ta co cdng thic tinh thé tich vat thé CJ:

V, = [[[ldxdydz

CA thé sir dung tich phan kép dé tinh thé tich vt thé.
Tuy nhién trong mét s6 trudng hgp s’ dung tich phan boi ba tinh nhanh han.
vi tich phén bdi ba c6 cach déi sang toa dd tru hodc toa dd cau.
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4. UNG DUNG CUA TICH PHAN BOI BA

Vi du 1: Tinh thé tich vat thé E dugc gii han bdi
XE Yo +2° =L X5y +2° =4,22\X +Y°

Thé tich V = [[[dxdydz
k2

(X=r-5iN0-COSQ = ==
v - - 2 - ’c/fvi_riizle y :
bat: < y=r-sinB-sinp, J=-r"sind AL e
Z=r-c0S0O
(0<p<2nm
T
E & E, :110<6<—
1<r<2
27 nl/ld 2 14 7\/5

V=[do [ dofr’sing-dr =—n———n
0 0 1 3 3




4. UNG DUNG CUA TICH PHAN BOI BA

2 2 2
Vi du 2: Tinh thé tich cda hinh elipsoid (E) X2 4+ Y + ‘ <1

V =[] dxdydz

St dung toa dé cau suy réng

X =ar-smno-cose

Dat: {y=br-sin@-sing, J=—aber’sind

| Zz=cr-cosH
( <ep<L2m
E <& E, :49020<
| 0<r<
ot w1
V= (j)d(p(j)d@(j)abcrzsine-dr :4“2'”"

v1.0013110216
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N

UA TICH PHAN BOI BA

N

y

?

/' 4

4. UNG DUNG C

Tinh thé tich vat thé E dugc gii han bdi  x° +y* =2x;Xx+z2=3,Xx—-z=3

Vidu 3

rcoS @

X =

i
_EE%%S;W@&%
Wi,
Wi .
7S
i 3

o

V = [[[ dxdydz

\

N @)
S
(¥p)
o
(@]
— -
I _
-Jl: 3
VI
e S N
= N v VI
(@p]
O | BN & o™
NV o
oS- S
Y4 [ - O
n72 VI O
o _ o =
) . ~~
<O ..
S
a 1
S L]
(®))
< ()
©
>~ LL
N

2Cos(p  3-TCOS

/2
V= [ do [ dr

r-dz=4r

J
rcose—3

0

—7t/2
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TOM LUOC CUOI BAI

Trong bai nay chung ta da xem xét cac ndi dung chinh sau:

e Khai niém tich phan boi ba;
e Cach tinh tich phan bdi ba;

rH"ﬂr

e Ung dung tich phan boi ba dé tinh thé tich vat thé.

|
|

E—
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