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TICH PHAN KEP

Giang vién: ThS. Nguyén Hai San



TINH HUONG KHOT PONG BAI

Ngudi ta thiét k&€ mot vat thé hinh tru cong c6 day dudi 1a mot hinh vudng va day trén
la mot phan mat cau co ban kinh 20cm, cac canh bén cua hinh tru cé chiéu dai canh
nhd nhat 1a 20cm va canh I6n nhat cd chiéu dai 40cm, hai canh con lai bang nhau.
Ngudi ta du dinh s& ma vang mat trén cua vat do. Mot van dé dat ra la can tinh toan
dién tich mat trén do.



MUC TIEU BAI HOC

Sau khi hoc xong bai nay, sinh vién cé thé:

e Trinh bay dugc khai niém tich phan kép va cac Ung
dung cua no.

e Lam dudgc cac bai tap lién quan dén tich phan kép.

e Ung dung tich phan kép vao tinh todn dién tich hinh
phdng va mat cong, cling nhu thé tich vét thé.




CAC KIEN THUC CAN CO

e Sinh vién can co cac kién thdc cg ban vé giai tich, dac
biét la phép tinh tich phan ham mot bién so.

e Bén canh do, sinh vién cling can c6 cac kién thic vé
hinh hoc phang, hinh hoc khéng gian va cg hoc.




HUO'NG DAN HOC

e Xem bai giang day dd va tom tdt nhitng ndi dung
chinh cua tung bai.

e Tich cuc thao ludn trén dién dan va d&t cau hoi
ngay néu co thac mac.

e Lam cac bai tap va luyén thi trac nghiém theo yéu
cau tung bai.




CAU TRUC NOI DUNG

‘ 1. Binh nghia — Tinh chat

‘ 2. Cach tinh tich phan kép trong hé toa do bé cac

3. Phép doi bién s6 trong tich phan kép

‘ 4. Ung dung trong hinh hoc



1. PINH NGHIA — TINH CHAT

1.1. Bai toan tinh thé
tich hinh tru cong

1.2. Binh nghia tich

phan kép

1.3. Tinh chat




1.1. BAI TOAN TINH THE TICH HINH TRU CONG

Bai toan: Sp,19p, 119D, -

Cho véat thé (H) dudc gidi han trén bdi mat cong
z=f(x,y), (VGi f(x,y) la ham lién tuc, khdng am), gidi
han dudi bdi mién D (déng, bi chan), gidi han xung
quanh bdi nhitng dudng thang song song oz, tua trén
bién D. Tim thé tich vat thé (H)?
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1.1. BAI TOAN TINH THE TICH HINH TRU CONG (tiép theo)

e Chia D mét cach tly y ra thanh n mién khdng ddm nhau: Dy, D,, ..., D,, c6 dién tich

tuong Ung la:

e Trén moi mién |dy tuy y mot diém M(xi,yi) ED.
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1.1. BAI TOAN TINH THE TICH HINH TRU CONG (tiép theo)

ZA ZA

Thé tich cia vat thé

n
V= 2F(M)Sp, =V,
I=




1.2. DINH NGHIA TICH PHAN KEP

e Cho f = f(x,y) xac dinh trén mién dong va bi chan D.

e Chia D mét cach tly y ra thanh n mién khdng dam nhau: Dy, D, ..., D, c6 dién tich
tuong Ung la: SDl,SDz,...,SD .

n

Trén moi mién 18y ty y mot diém M. (X:,y;) € D,
Lap ton L
e Z_Zlf(Mi)'SDi
1=

Cho n — +oosao cho max(dy ) — 0, VGi d; la duGng kinh cua mién D;, néu

|, — | khong phu thudc vao cach chia mién D va cach chon céc di€ém M thi I goi
la tich phan kép cua f trén D, ki hiéu la:

| = [[f(X,y)dxdy
D

Khi do, ta ndi f kha tich trén D.
e Nhéan xét: Thé tich hinh tru cong trong muc 1.1 Ia:

V = [[f(x,y)dxdy
D

e Dinhly: Néu f(x,y) lién tuc trén D thi f(x,y) kha tich trén D.
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1.3. TINH CHAT

1. [[af(x,y)dxdy = af[f(X,y)dxdy
D D

2. [I[f(x.y) +g(x.y) Jdxdy =[[f (x, y)dxdy + [Jg(x, y)dxdy
D D D
3. Néu D dudgc chia lam hai mién D, va D, rGi nhau thi:

JIT(x,y)dxdy =[] f(x,y)dxdy + [[ f(x,y)dxdy

D D, D,

4. Sp =|[1dxdy = [[dxdy
D D

5. V(X,y)eD,f(x,y) <g(x,y)= [[fdxdy < [[ gdxdy
D D
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2. CACH TiINH TICH PHAN KEP TRONG HE TOA PO DE CAC

N

Dinh ly Fubini | | — j I f(x,y)dxdy
D

e Truong hgp 1: D la hinh chir nhat D = [a;b]x[c,d]

|:jdxjf(x,y)dy:jdyjf(x,y)dx

Vidu1: Tinh | = H (xy?® + y)dxdy voi D=[0;1]x[0;2]
D

3 2

2
I :jdxi(xy2 +y)dy:j (x y + yzj
0 0

0

1
:j(§x+2jdx :(ﬁx2 +2xj
)3 3

1

0

dx

yA
d R
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2. CACH TINH TICH PHAN KEP TRONG HE TOA PO DE CAC (tiép theo)

Chu y: Khi D=[a;b]x[c;d] va f(x,y)=g(x)h(y), ta co:

| = [ g()n(y)dxdy =[ J g(x)dxj.[ J h(y)dy]

Vidu 2: Tinh | = ” (xy + y)dxdy , véi D = [0;11x[0;2]
D Yy

| = j (X +1)ydxdy = U (X +1)dx)£j ydy)

D
} 2
1 L :§x2=3

{5+

2

0
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2. CACH TINH TICH PHAN KEP TRONG HE TOA PO DE CAC (tiép theo)

e Truong hgp 2: :{a <x<D

I (x)<y<t,(x)

a

f1 (%)

f,(x)

b| f(x) b
j{ j f(x,y)dy}dx:fdx j f(x,y)dy

f(x)

Vidu3: Tinh | = “‘ (xy2 +y)dxdy
D

vGi D 1a mién phang duoc gidi han boi Y = X?, y=2-X

o, {x:—Z
Taco X =2-X&
x=1
1 2—X
:I:de j (xy2+y)dy
2 2

_Hx(z X)* , (2-%)°
2

— X

—2<X
:>D:{2
X° <

(x°)*

yA

A

y:fz (X) |
M
| y=h(x)

3

a b X
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—
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2. CACH TINH TICH PHAN KEP TRONG HE TOA PO DE CAC (tiép theo)

y;;
\ c<y<d N~ 1-7-
e Truong haop 3: .

I D'{gl(y)ﬁxsgz(y) »<=g@ kgz(y)
d[ 92(y) T 4 o ANe < SARIA
|=j j f(x,y)dx dy:jdy j f(x,y)dx | 75 -

¢ 91(y) 1 ¢ 91(y)

Vidu 4: Tinh | = ” (xy + y)dxdy VvGi D la tam giac OAB vai toa do 0(0;0), A(1;1) va

B(2;0). P
e O<y=<l
Tuhinhvétaco: D {
y<x<2-y
1 2-y
:I:jdyj (Xy + y)dx Y A
0 y e 1 |
1 2 2_y : >
X O 1 B
:j-—i+xy dy =...
o\ 2 16
y




2. CACH TINH TICH PHAN KEP TRONG HE TOA PO DE CAC (tiép theo)

Vi du 5: Tinh tich phan kép | — }dy}exzdx
1 0 y
e Tich phan j e”* dx khong tinh dugc (qua cac ham so cap)
y
e Thay doi th tu I8y tich phan: y
» Xac dinh mién D;
> Vé mién D;
» Thay doi th tu.

0<y<1
Tacé D: / X
y<x<1

A

1

v

0<x<1
0<y<Xx

Thayddican D {

1 X 2 1 1 1 2 e-1
|=]dx[e*dy —[e yl dx —[xe“dx ==€*| =
0 0 0 0 0 2
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3. PHEP POI BIEN SO TRONG TICH PHAN KEP

3.1. Phép ddi bién s6
tong quat

3.2. Phép ddi bién s6
trong toa do cuc
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3.1. PHEP DOI BIEN SO TONG QUAT

| = j f(x,y)dxdy

e D&i bién {X = X (U, V) (%
y =y(u,v)
Gia sUr rang:
> x=x(u,v), y=y(u,v) la cac ham s0 lién tuc cung cac dao ham riéng cap
1 trén mién D’ cla mat phang Ouv.
» Cong thlc (*) xac dinh mot song anh tur D’ [én D.
> Dinh thdc Jacobi

/ /
J:D(X’y):x;J X;’ =0, V(u,v)eD'
D(u,v) |y, v,

Khi do:

| :Hf(x(u,v),y(u,v))u|dudv
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3.1. PHEP POI BIEN SO TONG QUAT (ti€p theo)

XSYy<X+2

Vidu 1: Tinh | = dxdy , v6i D
J'[;[(x+y) o {—ySZXSS—y

{x£y§x+2 {OSy—XSZ
D : S

-y <2x<3-Yy 0<2x+y<3 v
psibign JU=Y X e JX=(V-WI/3 3
V=2X+Y y=(v+2u)/3 2
Jacobi |
J::_1/3 1/3:::£ E >
2/3 1/3] 3 | 3/2
SN
0<u<?2
Do D' p (v-u+2u+v) 1
{OSVS3 = | 'ﬂ 3 .3mMV

16, ¢ 8
=——jduj(u—%2v)dv::“.:—-
RN 3 3
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3.1. PHEP POI BIEN SO TONG QUAT (ti€p theo)

| = jjf(x,y)dxdy
D

e Khi D la mot mién doi xrng qua Ox hoac Oy hoac goc O, ta co két qua sau:
D=D,uUD, véiD, va D, ri nhau.

» NEu D, dbi xing D, qua Ox thi

> Néu D, d6i xing D, qua Oy thi

» NéEu D, dbi xing D, qua O thi

0 khi £(x,-y) = f(x,y)
2 j j f(x,y)dxdy Kkhi f(x,-y) = f(x,y)

D,

0 khi f(-x,y) = -f(x,y)
2 j j f(x,y)dxdy khi f(-x,y) = f(x,y)

D,

\

0 khi f(-x,-y) = -f(x,y)

12 j j f(x,y)dxdy khi f(-x,-y) = f(x,y)

D,

\
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3.1. PHEP POI BIEN SO TONG QUAT (ti€p theo)

Viduy 2: Tinh | = ”(xy2 +y®)dxdy ,véi D:x*+y*<R”
D
Ta co:
D la hinh tron tam O ban kinh R nén D doi
xU'ng qua goc toa do O.
Ham sO f(x,y)=xy2+y3 cé tinh chat

f(-x;-y)=-f(x,y),
Do do

| = L[(xy2 +y®)dxdy =0

22
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3.2. PHEP POI BIEN SO TRONG TOA PO CUC

3.2.1. Toa do cuc

3.2.2. Phép dbi bién sb trong toa do cuc

3.2.3. Phép dbi bién sd trong toa dd cuc ma rong

23



3.2.1. TOA PO CUC

e Toa dd cuc clia diém M 1a bd s6 (I, o)

Mai lién hé gilra toa do cuc va toa do Dé cac

rcos ¢
rsin ¢

M(r, o)
r
\ P X
0
M (X,
e MOGY)
L |
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3.2.1. TOA PO CUC (tiép theo)
Vidu
e Phudng trinh dudng tron tdm O, ban kinh bing 2: x2 + y2 =4
Phuadng trinh dudng tron nay trong toa dé cucla: r = 2.
e Phuong trinh dudng tron tam (1,0), ban kinh bang 1: X2 + y2 = 2X
Phuang trinh dudng tron nay trong toa dé cuc la: 2 = 2r COS( < =2C0SQ
e Phudong trinh dudng tron tam (0,1), ban kinh bang 1: X% + y2 =2y
Phuadng trinh dudng tron nay trong toa do cutc la: r2 = 2rsin O=T = 2sIn ()
e Phuang trinh dudng thang x = 2 (trong toa dd Descartes)

, ( 2
Phucng trinh dudng thang nay trong toa do cuc la: rcoso = 25 = ——

COS (%>



3.2.2. PHEP POI BIEN SO TRONG TOA PO CUC

| = ”f(X,Y)dxdy
D
Pai bién {X B rC_OS(p r=r(e)
y =rsin ¢

Ta co: J:D(X’y):r o
D(r,o0)

Py — P,

r=r,(p)

@,
¢, S0=0Q,

D < Dr,cp{rl(q))grs r,(¢)

Py r (¢)

| = Id(p I f(rcoso,rsing).rdr

o (o)

26



3.2.2. PHEP POI BIEN SO TRONG TOA PO CUC (tiép theo)
Vi du 1: Tinh tich phan kép | :jj(x+y)dxdy trong do D la mién phang xac dinh bdi
D

1<% +y* <4, 0<y<Xx \

X =rCOS®

y=rsing / ///P |
0<p<= — —

DPaoi bién {

| 1<r<2
4 2 : nl4 2
|= [ dof(rcose+rsing)-r-dr= [ doJ(cose+sing)-r*-dr
0 1 0 1

n/4 _ r32

= [ (cos+sing)-—| do
0 3|,

. ¢ ¢ 373 ¢ 3 ¢ ?), =- 2
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3.2.2. PHEP DPOI BIEN SO TRONG TOA PO CUC (tiép theo)

Vi du 2: Tinh IZ.U\/4_XZ _yzdxdy trong dé D & mién phing xac dinh bdi

D
X2 +y? <4, X<y <x+/3

BGibign )X TIENP
y=rsing
D D54 3
| 0<r<?2
nl/3 2
|= [ do[v4-r®rdr
nld 0
2
9




3.2.2. PHEP DPOI BIEN SO TRONG TOA PO CUC (tiép theo)

2\ 2
Vi du 3: Tinh |=”\/X2+y2dxdy trong dé D;{X Ty S2X

D y<—X

X =TIC0S
PGi bién { _(P, J=r1 X% +y? =2x

=Trsin
Y ? y  STI°=2rcose

—_ng(pg—_n & r=2C0SQ
DD 2 4

0<r<2cos¢

e

—n/4  2C0S@
= [ do j r-r-dr >
—1t/2
—n/4

1= 18 oot odo _16-102
—n/2 9 r=2c0s¢
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3.2.2. PHEP DPOI BIEN SO TRONG TOA PO CUC (tiép theo)

Vidu 4: Tinh | = j j (X +1)dxdy trong dé D I mién phéng xac dinh bi
D
2X < X2 + Y% <AX;—X <y < X+/3

pgi bign )X =TCOSQ
y=rsinge

.
—TC T

D:X 4 3

| 2COSQ<T<4Ccosp

n/3 4C0oSp
|= [ dop [ (rcose+1)-r-dr
—n/4  2C0SQ
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3.2.3. PHEP DOI BIEN SO TRONG TOA PO CUC MO RONG
e Truong hop 1: Mién phang D la hinh tron (x—xo)2 +(y_YO)2 <a’

X — Xy = COSQ

Y—Yy =Isine
cos¢p —r.sing

DUng phép doi bién: {

Khi dé dinh thdc Jacobi j —

SINg  r.COS(

Khi lay can cua r,¢ ta coi nhu goc toa do ch‘ji v‘éztém hinh tron
e Truong hgp 2: Miénphdng D Ia Ellipse *_ . Y 1 .50b>0
2 2 —_ ] ]
a

X =arcos @ A

DUng phép doi bién: _
y=Dbrsing

»

d

b
Khi do6 dinh thi'c Jacobi: /\
X X . —ar.sin
g=|r Do RO SNy \_/
b.sing Dbr.cose
0<op<2n
0<r<1 .

Yo Yo

Khi dé can cua Q. {



3.2.3. PHEP DOI BIEN SO TRONG TOA PO CUC MO RONG (tiép theo)

Vi du 1: Tinh |=ﬂZXdXdY trong d6 D 1a mién phang xac dinh béi

D (Xx=1)°+(y—2)* <4 x>1.
paibign X TLTIOSO 4, f
y—2=rsine —
DD 2 2
| 0<r<?2
/2 2
= [ do[2(@1+rcose)-r-dr 2
-n/2 0




3.2.3. PHEP DOI BIEN SO TRONG TOA PO CUC MO RONG (tiép theo)

Vidu 2: Tinh | =[[(x+1)dxdy trong d6 D la mién phang xac dinh béi

D 2 2
X—+y7s1;y20;x20

9
bGibign | X =3rC0S®
] J=3.2r
ky:2rsin(p
( 7T
0<op<=
DD P75

|0<r<1
n/2 1
|= [ dof(3rcose+1)-3-2-r-dr

0 0
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4. UNG DUNG TRONG HINH HOC

4.1. Tinh dién tich mién
phang

4.2. Tinh thé tich vat thé

4.3. Tinh dién tich mat
cong
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4.1. TINH DIEN TICH MIEN PHANG

= [[ dxdy
D
Vi du: Tinh dién tich mién phang p.J2Y< X“+y’ <4y
y <—X
_ (31
Dung phuang phap toa d6 cuc ta co: {X—VC_OS(P’ J=tr D& D' 4Zﬁcpﬁn
y="rsine 2sinp <r<4sing
n  4sing - o Asing
I
Sp = dedy—jdcp j ? do
3t 2sing 3nl ~ I2sing ,
4 4

3t 3

= | 6sin® pdp=——-=
oo san- 3

4
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4.2. TINH THE TICH VAT THE

e Thé tich hinh tru cong c6 day trén la
mat z=z(x,y), day dudi la mién D trén Oxy,
cac canh bén song song 0z:

V = [[z(x,y)dxdy
D

e Thé tich hinh tru cong c6 day trén Ia
z=2,(X,y), day dudi la z=z,(x,y), cac canh
bén song song vdi 0z, hinh chiéu Ién Oxy la
mién D:

~

V= g(zz(x, y) —2z,(x,y))dxdy

—— -
~o
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4.2. TINH THE TICH VAT THE (tiép theo)

SRR, - - A AN )
Vi du 1: Tinh thé tich vat thé Q bj gidi han bgi | X~ +Y" +2=4
z2=2
R T . _ 2 2
M&t trén 13 mét paraboloid: Z=4—-X" -y
M3t dudi 1a m&t phdng: 2 =2

Hinh chi€u cta Q 1én Oxy la mién D y2 4 y2 <2

= Vo = ” (4—x2—y2—2)dxdy
x2+y2£2
Péi bién trong toa dd cuc ta co: X

2T \/E
V, = jd(pj (2-r?)rdr =...=2n
0 0
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4.2. TINH THE TICH VAT THE (tiép theo)

2
Vi du 2: Tinh thé tich vat thé Q bj giGi han bdi
X+72=2
Mat trén la mat phang: 7z =2-—X
Mat dudi la mat paraboloid: 7z = X2 + y2
Hinh chi€u cua Q 1én Oxy la mién D:
1 9

2
2 2 2
X4V <2—X &S| X+=| +y <—
y ( 2) y 1

z=%%+y?

/’\

v
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4.3. TINH DIEN TICH MAT CONG
Dién tich mat cong z=z(x,y), c6 hinh chi€u Ién mat phang Oxy la mién D, dudc xac dinh

bdi cong thurc:
S= ”\/1+ )dxdy ‘

2 2 | 52 _ D2 LAY |
Vi du: Tinh dién tich nira mat cau (C) {X +y"+z° =R Y
z>0 NN

©: z=+R?—x?—y? :

Hinh chiéu cta (C) 1én Oxy la mién D: X2 + y2 <R?

—S= Ij\/RZ—X— dxdy \

Pai bién trong toa dd cuc, ta co: < >

27 R d
] g

z=2(%,Y)
- 0N

v

v
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TOM LUQC CUOI LUOC

i
-
=y~ Trong bai nay ching ta da xem xét cac ndi dung chinh sau:

e Khai niém tich phan kép;
e Cach tinh tich phéan kép;

« Ung dung hinh hoc ctia tich phan kép: Tinh dién tich mién
phdng, tinh thé tich vat thé va dién tich mat cong.

———
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