Phuong trinh vi phan xuat hién trén co so phat trién cua
khoa hoc, k¥ thuat va nhitng yéu cau doi hdi cta thuc té, no
la mot bd mdn toan hoc co ban vira mang tinh Iy thuyét cao
vira mang tinh tmg dung rong. Nhiéu bai todn co hoc, vat
ly dan dén sy nghién ctru cac phuong trinh vi phan tuong
tng. Nganh toan hoc nay da gop phan xay dung Iy thuyét
chung cho cac nganh toan hoc va khoa hoc khac. NO co
mit V& gop phan nang cao tinh hap dan ly tha, tinh day du
sau sac, tinh hiéu qua gia tri cia nhiéu nganh nhu toi uu,
diéu khién toi wu, giai tich s, tinh toan khoa hoc,...
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81. Cac khai niém co ban

1.1. Dinh nghia

1.2. Trwong hwéng
1.3. Bai toan CGosi

1.4. Nghiém tong quat
1.5. Nghiém riéng

1.6. Nghiém ky di




Chuong 1 - Phuong trinh vi phan cap mot

81 Cac khai niém co ban

1.1 Pinh nghia

Phuong trinh vi phan cap mot ¢ dang tong quét 1a

| F(x,y,y)=0 (1)
trong do Y’ :d_i

Nghiém ctia phuong trinh (1) 1a ham y = y(x) ¢6 tinh chat |a khi thé vao phuong
trinh (1) thi ta dugc ddng nhat thie. Phuong trinh (1) ¢6 vo s6 nghiém. Qué trinh
tim cac nghiém cua phuong trinh (1) dugc goi la sw tich phan phwong trinh do.

Néu tir phuong trinh (1) ta c6 thé giai dugc y’, nghia 1a (1) c6 dang
y=Ff(xy) (2
thi phuong trinh (2) dugc goi 1a phuong trinh cap mot da giai ra do1 va1 dao ham.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

81 Cac khai niém co ban

1.2 Truong hwong ‘ ?

Gia st ham f(x,y) xac dinh va lién tuc trong mién G cia mat phang Oxy. Qua
diem (X,,Y,) thudc G ta vé véc to co do dai bang 1 va lap véi chiéu duong ciia truc
hoanh mét goc a sao cho tga = f(X,,Y,). Lam nhu vay doi véi moi diém (X,y) thudc
G chung ta s€ nhan dugc mot truong Vec to duoc goi la truwong huwong.

Gia st y = y(X) la mot nghiém cua phuwong trinh (2). Khi d6 tap hop nhirng
diém (x,y(x)) s& tao nén mot dudng cong ma ta goi 1a dudng cong tich phan cua
phuong trinh (2). Nhu vay, tai mdi diém ctia dudong cong tich phan, huéng tiép
tuyén voi dudng cong tring vai hudng VEc to cta trudng hudng tai diém do.

Puong cong ma tai mdi diém cua nd hudng trudng khong thay doi duoc goi 1a
duong dang phuc. Nhu vay phuong trinh ctia dudng dang phuc ¢ dang

f(x,y)=k, k=const

Puong dang phuc co thé 12 dudng tich phan nhung noi chung nd khéng tring
véi duong cong tich phan.

Vidu

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

81 Cac khai niém co ban

1.2 Truong hwong g
Vi du: Xét phuong trinh Y_y

dx x

¢ day cac duong cong tich phan la cac ntra duong théng
y=Cx(x#0), x=0(y=0)

C 1a s6 thuc bat ky.

Dé thay cac dudng cong tich phan ¢ day ciling 1a dudng dang phuc.

F 3 &
,

N
7

L
L J

-

Hinh 1

kit
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Chuong 1 - Phuong trinh vi phan cap mot
81 Cac khai niém co ban

1.3 Bai toan Cosi

Nhu trén da thay, nghiém cua phuong trinh vi phan cap 1 phuy thugce vao hang so
C tuy y. Trong thuc té ngum ta thuong khdng quan tdm dén tat ca cac nghiém cua
phuong trinh ma chi chl ¥ dén nhitng nghiém y(X) cta phuong trinh F(x,y,y’) = 0 (1)
hodc y’= f(x,y) (2) thoa man diéu kién

y(Xo) = Yo (4)
trong do X,, Y, 1a nhitng gia tri cho trudc.

Bai toan dat ra nhu vay goi la bai toan Cosi. Piéu kién (4) duoc goi la diéu kién
ban dau; X,, Y, la cac gia tri ban dau.

Vé phuong dién hinh hoc, bai todn Cosi twong duwong voi viéc tim duong cong
tich phan cua phuong trinh di qua diém My(X,, Y,) cho trudc.

Bai toan Cosi khong phai bao gid cling c6 nghiém. Sau nay chlng ta s& thay véi
nhitng gia thiét nao thi nghiém bai toan Cdési ton tai va duy nhat.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

81 Cac khai niém co ban

1.4 Nghiém tong quat

Gia st trong mién G ctia mat phang (X,y) nghiém cua bai toan Coési doi véi
phuong trinh y’= f(x,y) (2) ton tai va duy nhat. Ham so

y = (x,C) (5)

duoc goi 14 nghiém tong quat cua phuong trinh (2) trong G néu trong mién bién
thién cua x va C, no c6 dao ham riéng lién tuc theo x va thoa man cac diéu kién sau:

a. Ttr hé thire (5) ta 6 thé giai duoc C: C = y(X,y) (6)

b. Ham ¢(x,C) thoa mén phuong trinh (2) véi moi gia tri cua C xac dinh tir (6)
khi (x,y) bién thién trong G.

Néu nghiém tong quét ctiia phuong trinh (2) duoc cho dudi dang an
O(x,y,C) =0 hay w(xyy)=C

thi né dugc goi 1a tich phan téng quat.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

81 Cac khai niém co ban

1.5 Nghi€ém riéng_

Nghiém ctia phuong trinh y’= f(X,y) (2) ma tai mdi diém caa né tinh duy nhat
nghiém cua bai toan Cosi dugc dam bao duoc goi la nghiém riéng. Nghiém nhan dugc
tir nghiém tong quat vdi gia tri cu thé cia hang so C la nghiém riéng.

1.6 Nghiém ky di

Nghiém ctia phuong trinh y’= f(X,y) (2) ma tai mdi diém cua nd, tinh duy nhat
nghiém cua bai toan Cosi bi pha v duoc goi la nghiém ky di.

Nhu vay, nghiém nhan duoc tir nghiém tong quét véi gia tri cu thé ctia hang s6 C
khong thé cho ta nghiém ky di. Nghiém ky di ¢ thé nhan duoc tir nghiém tong quéat chi
khi C = C(x). Ngoai ra chlng ta con c6 nghiém hdn hop, tirc 12 nghiém bao gdm mot
phan nghiém riéng va mot phan nghiém ky di.

kit
i



§2. Sw ton tai va duy nhat nghiém

Xet phuong trinh
Yo txy)

Khi d6 bai toan tim nghi¢m y =y(x) ctia phuong trinh sao cho khi y(x,) =y, duoc
ggi la b‘éi toan Cf)si, O day x,Y, 12 cac gia tri tuy y cho trude duge goi la gia tri ban
dau (diéu kién dau).
Mot vin dé ditra la ta hay xét xem vo1 diéu kién nao thi:

e Baitoan Co6si cua phuong trinh c6 nghiém.

e Nghiém cua bai toan 1a duy nhat.

Giai quyét cac van dé néu trén 1a ndi dung ctia dinh 1y ton tai va duy nhat nghiém.

2.1. Dinh nghia
2.2. Pinh ly

o
il



Chuong 1 - Phuong trinh vi phan cap mot
§2 Sw ton tai va duy nhit nghiém

2.1 Dinh nghia

Ta n61 ham f(x,y) trong 1 mién G thod mén diéu kién Lipsit doi v&i y néu ton tai N >0
sao cho Vcnbatky X,y,y ma (x,y)eG,(x, y)eG thi

f(x,y)-f(x,y)gN‘y—? (*)

Chuy:
Bi:lt dang thire (*) s& thoa man néu f (x,y),3 f,(x, y) gidi ndi trong G, tirc la
‘ f, (X, y)‘ <N V(X,¥) eG. Vi theo Lagring ta co:
FO0y) - F Y| =|f, 00y +t(y=y)||y = y|< Njy-Y]
Nhung diéu nguoc lai khéng dung vi c6 thé (*) thoa man nhung fy' (X,Y)
khong ton tai.

kit
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Chuong 1 - Phuong trinh vi phan cap mot

§2 Sw ton tai va duy nhat nghiém

2.2 Dinh ly

Xét phuong trinh (1) véi gia tri ban dau (X, Y,). Gia su:
1. f(x,y) 1a ham lién tuc hai bién trong mién kin giéi noi G

X,—a<X<X,+a
a,b>0

Yo~ b < Yy<Yo+ b
Vi f lién tuc trong mién kin giéi ndi G nén ton tai M >0 dé |f(x,y)|<M V(x,y) €G
2. f(x,y) 1a ham thoa man diéu kién Lipsit theo bién y trong mién kin giéi noi G

Khi d6 ton tai duy nhat mot nghiém y = y(x) ctia phwong trinh (1) xac dinh va lién
tuc d61 voi cac gia tri cua x thudc doan X,—h<x<x,+h trong do

h = min(a, ) a0 cho khi X =X thi y(X,) = Y.
M

kit
fily



§3. Phuwong trinh vi phéan c6 bién so phan ly

3.1. Phwong trinh dang M(x)dx + N(y)dy =0
3.2. Phuwong trinh dwa dwoc vé dang tach bién
3.3. Bai tap tham khao




Chuong 1 - Phuong trinh vi phan cap mot
§3 PTVP c6 bién s6 phén ly

3.1 Phwong trinh dang M(x)dx +N(y)dy =0
a. Phuong trinh M(x)dx + N(y)dy = 0 (1) dugc goi 1a phuong trinh vi phan c6 bién sb
phan ly (hay phuong trinh vi phan tach bién), trong d6 M(x), N(y) lién tuc trong mién
nao do cua R.

Khi d¢6 phuong trinh vi phan (1) c6 tich phan tong quét la:
jlvl (x)dx+J' N (y)dy=C
Vi du: Giai phuong trinh vi phan xdx + ydy=0
Pay 1a phuong trinh vi phan c6 bién sb phan ly. Khi d6 tich phan 2 vé phuong trinh
ta co:
dex+_"ydy =C,

2 2
<:>X—+y—:C1<:>x2+y2:C
2 2

Tich phan tong quat ctia phuong trinh trén 1a x2+y®> =C

kit
i



Chuong 1 - Phuong trinh vi phan cap mot
§3 PTVP c6 bién s6 phén ly

3.1 Phwong trinh dang M(x)dx +N(y)dy = 0 (ti€p)
b. Tong quat hon, ta xét phuong trinh ¢6 dang:
M(X)N(y)dx+P(x)Q(y)dy=0  (2)
Trong d6 M, N, P, Q la cac ham lién tyc theo d6i s6 ctia ching trong mién dang xét.
Gia sir N(y)P(x) # 0. Khi d6 chia 2 vé cta phuong trinh cho N(y)P(X) ta duoc:
M) L Q) g g

P(x)  N(y)

Do d6, tich phan tong quat cua phuong trinh: I

.[ Qy) 4

P (X) N (Y)

Chua y: Ngoai ra ta con xet truong hop N(Y)P(x)=0. Nhitng truong hop y = y, lam
cho N(y) = 0 ciing 14 nghiém cua phuong trinh. Néu muén tim ca nghiém dudi
dang X = X(y) thi nhitng gia tri X = X, lam P(x) = O cling la nghi€ém cua phuong
trinh.

Vi du: Giai phuong trinh x(y? —1)dx + y(x* —1)dy =0

kit
i



Chuong 1 - Phuong trinh vi phan cap mot
§3 PTVP c6 bién s6 phén ly

3.1 Phwong trinh dang M(x)dx +N(y)dy = 0 (ti€p)

Vi du: Giai phuong trinh x(y? —1)dx + y(x* —1)dy =0
Giai: gia st (y*-D(x*-1) =0
y
" _1dx+ 72 _1dy =0
& In|x* =1l+In|y’ -1 =In|c| (C,#0)
& |(¢ -D(y* -] =[]
o (X -D(y*-1)=C

Pt =

Nhu vay, tich phan tong quat cia phuong trinh nay 1a:
(x*-1(y*-1=C

Ngoai ra con c6 cac nghiém y =1, x = 1.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

3.2 Phwong trinh dwa dwoc vé tach bién

Xét phuong trinh dang:
PRHone e j—yzf(ax+by+c)
X

Cach giai: dz
dy _ de & bt(2)
ix b Ny g

Pay 1a phuong trinh vi phan tach bién.

bat z=ax+by+c=

Vi du: Giai phuong trinh vi phan 3_y =X—y+5
X

bat z=x-y+5 :>1£=dx:>ln\l—z\=—x+c1
~7

§3 PTVP c6 bién s6 phén ly

1-z|=e7e" =1-z=Ce™ hay z=1-Ce™* = y=Ce " +x+4

Vay nghiém cua phuong trinh 1a: y=Ce™ +X+4 véi C 13 hing s6

kit
i




Chuong 1 - Phuong trinh vi phan cap mot
§3 PTVP c6 bién s6 phén ly

3.3 Bai tip Phwong trinh cé bién s6 phéin ly

I. y'cos2y—siny=10

, cosy—smny-—1

2, y=

cosx—sinx+1
3. y=x*+2xy-1+)°

4. y'= :
X—y

1
3 _},"21-1-—1
y

-

¥ =(4x+y- 1)2

6.
7. ¥ =x"-y+2x
8.
9

+1

(1+y?)|e¥dx—evdy |-(1+ y)dy =0

(e = y? +x—1dx + [y = 2xp+ x> + 2y = 2x + 2|y =0

10, 5 sue EHO)F
’ (x4 )" +(x+y)’

kit
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§4. Phuong trinh vi phan thuan nhat

4.1. Phwong trinh vi phan thuin nhat
4.2. Phuwong trinh dwa duoc vé phwong trinh thuin nhét
4.3. Bai tap tham khao




Chuong 1 - Phuong trinh vi phan cap mot
§4 PTVP thuin nhit

4.1 Phwong trinh vi phin thuin nhat

Ham sé f(x,y) goi la ham thuadn nhat bac n néu f(x,0v)=1"f(x, v).

Phwong trinh vi phin thuin nhét la phuong trinh co dang ji= f(x,y),trong do f(x,y) liéntucvala
X

ham thuan nhat bic khong.

Phwong phap giai phwong trinh thuin nhat

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

o Ak 4 PTVP thuan nhat
4.1 Phwong trinh vi phan thuan nhat 3
Phwong phap giai:
_ 1 ; }_r }_r ’ ﬂzr .F %
Piti=— = f(x,y)=f(l,=)=¢(=) taco —=¢(=) (¥*)
X X x dx X
Pt z = AP di: :+_‘r£ thé vao phuong trinh (*) ta c6 :+x£ =¢(z) hay g(z)—z = _‘rﬁ
r ix dx dx dx
R . . . 4 dz o1 S —
DPdy la phuong trinh tach bién ) = voi gia thiét ¢{z)—z = 0. Khi do:
¥ EE X
< 1 X z I&{L'k r — P2 #{z)
J =1n|_‘ci+1n—=1n—{::v—=e T =e™ hay x=Ce™"
#(z)-z ¢ | |
Thay z= 2 vaota duge x= ce’x Diy 14 nghiém téng quat ciia phuong trinh thuan nhit.

X

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

4.1 Phwong trinh vi phin thuin nhat

Vi du: Giai phuong trinh ay _ 22>Q’ >
dx x° -y
B 5, A s 2 g VT i 02
i dx 1-=2z° |- T Z{zo+1)
dx (1—=z%) dx dz mc:L
:}J —f:{1+ —J —j —ln|C|
: 1+
hay 1|1|_r|—1n|:i+1n|1+:"|= 1n|C|!+::‘.v |T|{ —iC| hay M

| | L

i Z
Vs . C
Thay z== viao :::-}_-2 +_r2—C}’= 0.Viy IETL}"_—J =[
X

kit
i
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§4 PTVP thuin nhit




Chuong 1 - Phuong trinh vi phan cap mot
§4 PTVP thuin nhit

4.1 Phwong trinh vi phin thuin nhat

Chay:
. Khi giai phuong trinh vi phan thudn nhét ta khéng nhét thiét phai dua v& dang @()
X
ma dat ludn vy = zx sau do bién déi.
- Néu @¢(z)—z=0 véi z =z, thi ngoai nghiém téng quat con nghiém z =z hay

y =z,x ciling la nghiém. Trong vi du trén dudng thing y =0 ciing la nghiém cua

phuong trinh.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot
§4 PTVP thuin nhit
4.2 Phuong trinh dwa dwoc vé phwong trinh vi phin thuan nhat

i
Xét phuong trinh dang & = ¢ @X¥Tby=¢
dx T \ax+tbhyto
Phwong phap giai:
= 4 [ x=&+h o g
*Giasr A= = () ding phép doi bién 5 (h,k =const), khi do phuong trinh co dang
oy b; LYy =1+ k
E oy 3. +hk + a#’:—-—bﬁ c =1
LU B e s e . Néu chon h,k thoa man < ' thi ta duge phuong
d& a,&+b.np+ash+b.k +e, ah+b,k+c, =0
£y
rinh thuin nhét i 9 = “"—fww
dg ag + by
; a b b
*Néua=|' '|=0e2=1=2Dods
i, : a, B
ﬁ= p ax+hy+cg i f Ala,x+ B y)+¢ _
dx " \ax+hy+e, : a,x+bhy+e,
Pat z =a,x + b,y va lap phuong trinh theo z ta co £ ¢(z) day la phuong trinh tich bién.

el

i
i



Chuong 1 - Phuong trinh vi phan cap mot

‘ ‘ ‘84 PTVP thuan nhit
4.2 Phwong trinh duwa dugc vé phuong trinh vi phan thuan nhat
; e oo dy _x+y-3
Vi du: Giai phuong trinh X x_y_1
Taco A= =—-2#0,
— :x=.f7h : (h+k-3=0 h=2
Da6i bién < chon A,k thoa man - =2
y=n+k h—k—-1=0 k=1
g . EF4 45" .
Ta duge phuong trinh thuan nhat i =571 bitn=uf = £ o = i . Phuong trinh tach bién:
d& &1 dé 1-u

Lo ; 2
arcrg —Eln{lﬂf“] =1In|é|+n|C|

urr;rg'!"—_l

= C§~Jl+uz =™  Khido C\[{I—E}E +(y— ) =e *2,

ity
#iy



Chuong 1 - Phuong trinh vi phan cap mot
§4 PTVP thuin nhit

4.3 Bai tap tham khao

1. xdy—ydx =+x" + y’dx

v

X

2. xy'=y—xe

3. xy'= yccrs(lnij =y =£cns[ln£) g
¥ X X X

4. ax®+2bxy+cy’ + y'(bx? + 2exy + f }*‘1): 0

5. x*y"”? =3xy'+2y* =0

6. (2x+y+1)dx—(4x+2y-3)dy=0

7. (o'+y) =y%y.

8. y'=L+siny,vdi y(1)=2

X X 2

9. xyy'+x° -2y =0

10. B>+ ¥ )y+ (7 = )xy' =0

[1.xy'=y(l+Iny-1Inx), y(l)=e

12. y* +x7y' = xyy’

13, (:{— ycosl]dijxccnsldy:U
X X

i
o
==

Hit



§5. Phuwong trinh vi phén tuyén tinh

5.1. Dinh nghia
5.2. Phwong phép bién thién hing s6 Lagrange
5.3. Mét s6 nhan xét vé phwong trinh vi phan tuyén tinh

5.4. Cac phwong trinh dwa duoc vé phwong trinh tuyén tinh
5.0. Bai tap tham khaio




Chuong 1 - Phuong trinh vi phan cap mot
§5. PTVP tuyén tinh

5.1 Pinh nghia Phwong trinh vi phin tuyén tinh cip mot

Phuong trinh vi phan tu}fén tinh la phuwong trinh vi phan tu}*én tinh d6i v&i ham va dao ham cua né.
A . dy
Dang téng quat: A[.‘r}d—'+ﬁ'{r}}-‘ =[x} (1)
X
rong d6 A(x), B(x),C(x) 1a cdc ham lién tuc trong khoang nio dé. Néu trong khoang dang xét

A(x) =0 ¥x thi phuong trinh dugc dua Ve dang:

ﬁ+ P(x)y =Q(x) (2)
dx

Xét phuong trinh ji+ P(x)y =0 phuong trinh nay duge goi 1a phuong trinh tuyén tinh thudn nhét
X

Img voi phuong trinh di cho,

Vidu: L1y +4xy=x°
2.y'+3xy =0

Pé giai phuong trinh vi phan tuyén tinh cAp mét ta sa dung Phuong phép bién
thi€n hang s6 Lagrange.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot

5.2 Phwong phap bién thién hang s6 Lagrange §5 PTVP tuyén tinh
; dy
Giai phuong trinh d;+ P{x)y=0(x) (2)
X
Bude 1: Xét phuong trinh E - P(x)y=0
: p g LR = (3)

Gia stt v # 0 khi d6 phuong trinh (3) dua vé dang a =—P(x)dx
Y

do d6 In|y|=—[P(x)dx+In|C|  (C =0)

—‘P[.‘:}.ﬂ{t —-F[-‘:}d‘f
| )

= |y

=|C e hay y=Ce (4)

Mit khac y =0 ciing 1a nghiém nhung cé thé gop vao (4) véi trudng hop C =0.

—J‘ Plx)dx

Vay nghiém téng quat ciia phuong trinh (3) 1a y = Ce trong 46 C 1a hang s6 tuy y.

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§5 PTVP tuyén tinh

5.2 Phwong phap bién thién hing s6 Lagrange

Bude 2: Ta thu tim nghiém cua (2) dudi dang (4) trong do coi C=C(x) khi do

dy  dC -[pa
g T _EI = —

== p(x]Ce_-l gt thay hé thire nay vao phuong trinh (2) ta co
Y dx

£€_J Plx)dx _P(I)Cé-jmm A P(x)Ce_'I Plx)dx _ 0(x)

dx

do do E s Q(T]El Pix)dx
dx

[ P(x)dx R N TR
¢! +C,. Trong do C, la hang so tuy y.

hay C'=C(x)=[Q(x)

Viy y= Ce_'l P{x)dx +€—_|P[x I j 0 (x)e-l P(x)dx 5)

Vi du: Giai phuong trinh y' — Y _x (1)
X

kit
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Chuong 1 - Phuong trinh vi phan cap mot

5.2 Phwong phap bién thién hing s6 Lagrange 85 PTVP tuyeén tinh

Vi du: Giai phuong trinh y’ —% =x* (1)

Budc 1:

Xét phuong trinh vi phan thuan nhat twong trng ' — 2.9 (2)
X

aj/: 3 y d}: cx ! d_}’ dx
et e = (y=20 @j Jx+ln|C| (C=0)

= 111|y|= 111|x]+ 11|C|(C;& 0)
& y=0Cx (C #0)
Kiém tra thay y =0 ciing la nghiém ctia phuwong trinh (2).

Do d6 nghiém tong quat ciia phwong trinh (2) la y = Cx, véi hang s6 C tiy y.

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§5 PTVP tuyén tinh

5.2 Phwong phap bién thién hing s6 Lagrange

Vi du: Giai phuong trinh y’ —% =x* (1)

Budc 2:
Bién thién hang so C, coi C=C(x). Khi d6 y'=C"(x)x+C(x). Thay vao phuwong
trinh (1) ta duoc:

C'(x)x +C(x)—

2

-::bC'(;c):JC:f -:bC'(x)=x~::>C(x)=%+C

1

2 3

G g 2 X X L X Lo
Khi do thay vao y ta dugce: y = [?+ C]Jx=?+ C,x, C la hang so tuy .

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§5 PTVP tuyén tinh

5.3 Mot s6 nhén xét vé phwong trinh vi phin tuyén tinh

a. Néu biét dugc mot nghiém riéng cia phuong trinh vi phan tuyén tinh khong
thuan nhat thi viéc giai phuong trinh sé quy vé viéc giai phuong trinh thuan nhat.
b. Néu biét dugec mot nghiém riéng khong tam thuong (khac khong) ctua phuong
trinh thuan nhat thi nghiém téng quét ctua phuong trinh d6 c¢é thé tim ma khong
can cau phuong bang cach nhan nghiém riéng da biét véi mot hang so tuy v.

c. Néu biét dugc hai nghiém riéng khac nhau cua phuong trinh khong thuan nhat
thi ¢6 thé tim dugc nghiém tong quat ciia néd ma khéng can cau phuong.

That vay, gia su y,(x), y,(x) la hai nghiém khac nhau cua phuong trinh khong
thuan nhat thi ta c¢6 thé dé dang chimg minh duoc y,(x)—y,(x) 1a nghiém khong

tam thuong cua phuong trinh thuan nhét.

o
=]
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Chuong 1 - Phuong trinh vi phan cap mot
§5 PTVP tuyén tinh

5.4 Phwong trinh dwa dwoc vé phwong trinh tuyén tinh

a. Xét phuong trinh f’{_v]%f P(x)f (1) =0(x)
Béng phép thé z = f(v) dua vé E + P(x)z = Q(x)
Vi du 1: Giai phuong trinh L::—: +xy = x
Pit z =y’ tacd: z' =2y . Khi d6 phuong trinh dua vé dang

!

% +xz=x<z +2xz=2x (1) la phuong trinh vi phan tuyén tinh z- ham , x- bién

Giai phuong trinh z'+ 2xz=2x (1)

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§5 PTVP tuyén tinh

5.4 Phwong trinh dwa dwoc vé phwong trinh tuyén tinh

Giai phuong trinh z'+ 2xz=2x (1)
Budce 1: Giai phuwong trinh tuyén tinh thuan nhat twong tmg z' +2xz=0 (2)

L op, Gilsh 220 tach: =D @j5= ~[2xdx +m|C
dx z F

. L=l

C=0

2

= 111|z‘= R 1n|C

&z=Ce™. C=0

Kiém tra ta thay z =0 la nghiém cta phuong trinh (2). Nhu vay ta cé nghiém tong
quat cua phuong trinh (2) la z = Ce™ véi moi hing s6 C tuy V.

Buoc 2:

kit
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§5 PTVP tuyén tinh Chuong 1 - Phuong trinh vi phan cap mot

5.4 Phwong trinh dwa dwoc vé phwong trinh tuyén tinh

Giai phuong trinh z'+ 2xz=2x (1)

Bude 2: Coi C=C(x). Khi d6 z=C(x)e™ =z'=C'(x)e™ =2xC(x)e™ . Thay
vao phuong trinh (1) ta 6

C'(x)e™ -2xC(x)e™ +2xC(x)e™ =2x

& C(x)e™ =2x ¢ C'(x)=2xe" < C(x)=[2xe" dx

& C(x)= & + C.

! E 2 - v ~ A v =
Thay vao z ta co: z= (e""‘ + C])e"" =1+ Ce™ . Nhu vay tich phan tong quat cua

phuong trinh 13 y* =1+ Ce™ , véi C; 1a hang sb.

Vi du 2: Giai phuong trinh y' +tany =
COS y
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§5 PTVP tuyén tinh Chuong 1 - Phuong trinh vi phan cap mot

5.4 Phwong trinh dwa dwoc vé phwong trinh tuyén tinh

b. Phuong trinh Becnuli
Dang phuong trinh %— P(x)y=0(x)y* «aeR
X
Néu « =0 ta duoc phuong trinh tuyén tinh.

Néu « =1 ta duge phuong trinh tuyén tinh thuan nhat

Gia thiét & # 0, #1 . Chia hai vé cua phuong trinh cho y* (y #0) ta duogc

1 dy ]
——+P(x =0(x
y* dx ( ]_v‘”"' o)
Doi bién z=1"% ta ¢b (1—.';1']1:'"‘E:ﬁ va do do Lﬁﬂt P(x)z =Q(x) hay
| iy dx |—a dx

% +(1-a)P(x)z = (1-a)Q(x) . Diy | phuong trinh tuyén tinh khong thuan nhat.
X

kit
i



§5 PTVP tuyén tinh Chuong 1 - Phuong trinh vi phan cap mot

5.4 Phwong trinh dwa dwoc vé phwong trinh tuyén tinh (ti€p)

Vi du: Giai phuong trinh ﬁ—4i = ::\ﬁ

dx X

Gia su \/;_ =0 chia hai vé cho \ﬁ ta co:

d}} \/; ” 2 oz I dz
=——-4X—=x (y#0).DPat z=,/y dodo y=z"va —=2z—.
.J;ﬂf_x X ¢ )i Btz J; =2 dx Zcir
y . BE 2 X " G i B s = ; b
Thay vao ta co e Day la phuong trinh tuyén tinh déi z - ham , x- bién,
X X

- g = | i
Giai phuong trinh ta duge nghiém y = x* (Eln‘x|+C} .
L3
Chu y:
Truong hop @ >0 thi y =0 ciing la nghiém. Ta ¢ thé chirng minh ring véi o > 1 thi

y=0 la nghiémriéng .Néu 0 <« <1 thi y =0 la nghiém ki di cua phuong trinh.
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§5 PTVP tuyén tinh Chuong 1 - Phuong trinh vi phan cap mot
5.5 Bai tap tham khao

Phirong trinh vi phan rmré‘:n tinh

1. xy'—y=x"arctgx
1+x7)y -2xy=(1+x")

y + 2xy= xe ™

x(l+x2]_};' —(xz - ]]_1;+2x:0
y'sinx—y=1-cosx

6. (s;in1 ’L«*+xcutg_v]_v' =1 x- ham, y— bién

7. y'+igy= al Dit z=siny
COS

8. (Ze-” —x]y' =] x— ham, y— bién
9. (1-2xy)y =p(¥y-1) x— ham, y- bién
10. y'+ xy=x"

e B3
iL4* "o

y(1)=1
12, %"+ : — =0 (coi x la ham cua y)

2x -y

o
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Chuong 1 - Phuong trinh vi phan cap mot
5.5 Bai tap tham khio 85 PTVP tuyeén tinh

Phirong trinh Becnuli
1. x'+y=y*Inx

2. 3y’y'—ay’ =x+1

;8 (.w+:r1_vj]}»" =il x— ham, y— bién

4. y'x f;.in = r'y—Ey x— ham, y— bién

3. ( +y° x + xydy =0

6. (r I)L siny+2xcosy=2x—2x" Dit z=cosy
7. xe‘—L]:fi Dit z=¢’

8. y'—1=e"%¥

9. (x*+y2+2x—2y)dr+2(y-Ddv=0 Dit z=y-1

10. x*y" = y(x + y) (bién doi vé dang y’ ——l}f=l,}’1)
X X"

L, (x+l)(y'+yz]:—y
12, x}fdyz(yz +:{]d:{
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86. Phwong trinh vi phan hoan chinh

6.1. Pinh nghia

6.2. Cach doan nhian phwong trinh vi phan hoan chinh
6.3.Thira s6 tich phan

6.4. Bai tap tham khao




Chuong 1 - Phuong trinh vi phan cap mot

6.1 Dinh nghia Phuong trinh vi phin hoan chinh 86. PTVP hoan chinh

Phuong trinh vi phén hoan chinh la phuong trinh vi phan ¢é dang
M (x,y)dx+ N(x,y)dy=0 (1)

trong d6 vé trai cua (1) 1a vi phan toan phan cua mdt ham U(x, v) nao do, tirc 1a
dU(x,y)=M(x,v)dx + N (x,y)dy (2)

Khi @6 tich phan tdng quat cua phuong trinh 1a U(x,y)=C

Vidu: xdx+ ydy=0

- I . . - - - - - - . . ) =
Ta co xdx+ ydy = d{g(:{" +y ]} vi vay tich phan tobng quat la x” +y" =C
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Chuong 1 - Phuong trinh vi phan cap mot
6.2 Cach do4n nhin phwong trinh vi phin hoan chinh 86. PTVP hoan chinh

Pinh Iy: Diéu kién can va du dé biéu thirc vi phén
M (x,y)dx + N(x,y)dy 3}
Trong d6 M,N xéc dinh, lién tuc va khong dong thoi triét tiéu tai bat cir diém

nao trong mot mién don lién G e R° va c6 trong mién ay cac dao ham lién tuc

oM . éN oM oN
—— va —, la mét vi phén toan phan cia ham u(x,y) la dang thie —=—
oy ox cy ox
phai thoa man V(x,y)e G
Diéu kién can: Gia sur (3) la vi phan toan phan tie la Ju(x,y) sao cho
du = Mdx + Ndy = — a’L V(x,v)eG
cx cy
ou . du_ oM 0u ON 0&u
=M, y)=—; Nx))=——=——; —=——
0x oy oy Oxoy Ox Oyox
-~ =7 ) ~%T
oo sme  GhME 0 H cM &N
do gia thiét ——;— ton tai va lién tuc nén ching bang nhau = — = -
cxcy oycx

oy cx

o
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iy



Chuong 1 - Phuong trinh vi phan cap mot

6.2 Cach doan nhian phuong trinh vi phin hoan chinh 86. PTVP hoan chinh
biéu kién du: Gia sir % = {jv V(x,») € G ta can chimg minh phuong trinh la
v Ox

phuong trinh vi phan hoan chinh tire 1a Ju(x, y) dé

Cut cu
M(x,y)=— :
( cx

N(x,y)=— (5)
(_'_:}__.-
diéu nay twong duong chimg minh (5) ¢6 nghiém.

-

. \ Cu i : i 5
Xét phuong trinh — = M(x, y) nghiém cua no viét dudi dang

cXx

u(x,y) = IM (x, v)dx +@(v) (6)

Xy

Trong do ¢é(y) 1a mdt ham tuy vy theo y (tich phan nay co nghia vi G don lién)

Ta s& chon ham ¢(y) dé dang thirc N = 29 cling dugc thoa man.
oy

kit
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Chuong 1 - Phuong trinh vi phan cap mot

6.2 Cach doian nhin phuwong trinh vi phin hoan chinh §6. PTVP hoan chinh
Gia su ¢(y) la ham kha vi. Lay dao ham (6) theo v ta cé:
L Hij M (x, y)dx + ri"?} = j Giw dx+@'(y)=N(x,y)
- oM
= @' (¥)=N(x,y)— j —dx (7)
n &
s e I R jfidr = N(x,7)=N(x,y)+ N(x,,7) = N(x,,5)
oy Ox : o

Vay  $(v)= [ N(x,»)dy+C, (8) trong d6(x,y,)€ G

= u(x,y) = j M (x,y)dx + j N(x,, »)dy +C, (9)
g Yo

Tire 14 tOn tai ham u(x, v) thoa man (5).

kit
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Chuong 1 - Phuong trinh vi phan cap mot

6.2 Cach doian nhin phwong trinh vi phin hoan chinh §6. PTVP hoan chinh
Vi du: Giai phuong trinh (7x+3y)dx+(3x-5y)dy =0
Ta co:
M=Tx+3y= CAW =3
v = D4y la phuong trinh vi phén hoan chinh.
oN

=3

cx
Ta xac dinh ham u(x,y). Ta co:

N=3x-5y=

]

cu

—="Tx+3y (*)
Ox
= —3x-5y (**)
cy

Tod (M =ulx,y)= j(?x +3y)dx+ g(y) = ? =3x+¢'(y)=3x-5y
[:j._.!'

Viy 4(y) = —%f +C . Khi d6 u(x,y) = %f 5 _%},z +C.

Phuong trinh c6 tich phan tong quat la: 7x* +6xy -5y =C.
Bai tap tham khao

kit
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Chuong 1 - Phuong trinh vi phan cap mot

6.2 Cach do4n nhin phwong trinh vi phin hoan chinh 86. PTVP hoan chinh

Chi ¥:

1. Tir (9) ta c6 tich phan téng quét cua phuong trinh (2) la:

[ M Geyp)de+ [ N,y =€ (10)

2. Néu khi tim ham u(x,y) ma khong xuat phat tir phurong trinh (5) thi ta sé duoc

tich phan tong quat dang:

[ M, p0)dx+ [ N, y)dy =C (11)

Xét phuong trinh M (x, y)dx + N(x, y)dy =0 khong phai la phuong trinh vi phéan

hoan chinh. Vay co cach nao dé giai phuong trinh nay?
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Chuong 1 - Phuong trinh vi phan cap mot
6.3 Thira so6 tich phin 86. PTVP hoan chinh

Xét phuong trinh M (x, y)dx + N(x, y)dy =0 khong phai la phuong trinh hoan chinh
Néu t6n tai ham L(x,y) sao cho wu(x,y)M (x,y)dx+ u(x, )N(x,)dy=0 (12)
la phuong trinh vi phan hoan chinh thi ham u(x,y) go1 la thua s6 tich phan cua
phuong trinh.
Tuy nhién s& nay ra hai van deé:

- (6 ton tai thira so tich phan hay khong?

- Neéu ton tai thira s6 tich phén thi tim ham z(x, ) nhu thé nao?

Ta c6 khang dinh sau:
Moi phuong trinh vi phéan cap 1 thoa man diéu kién ton tai duy nhat nghiém

[udén ludn tén tai vo so thura so tich phan.

kit
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6.3 Thira so tich phan

Chuong 1 - Phuong trinh vi phan cap mot
86. PTVP hoan chinh

Moi phuong trinh vi phén cap 1 thoa man diéu kién ton tai duy nhat nghiém

[udn ludn ton tai vo so thira so tich phan.

¢ Xét phuong trinh M (x,y)dx +N(x,y)dy =0 (13)

Tur dinh 1y ton tai va duy nhat nghiém suy ra phuong trinh thira nhan tich phan

tong quét u(x,y)=C . Lay vi phan hai vé ta duoc

Cu
cu Cu dy o
Ta[r+—d1—0 hay —=-&t
ox cy dx cu
Cy

Mat khac tir (13) =2 =—

Do do tr (14)-(15)

’lzf('r 1) Ay

Lo | Sofcn | Co
::‘11|$::5~<|x:

’\r’(t V) aay Mix,v) -

(14)

(15)




Chuong 1 - Phuong trinh vi phan cap mot
6.3 Thira s6 tich phan 86. PTVP hoan chinh

Ta chirng minh z(x,y) la thira s6 tich phan ctia phuong trinh (13) tir (16) ta suy

—_

B _ ol
ra — = u(x, »)M(x,y); —=ux,y)N(x,y)
T &y

Cid Cid
Tdr+le’ =du.
ox oy

hay u(x, )M (x, y)dx + u(x, y)N(x, v)dy =
Vay u(x,y) la thira so tich phan.

Ta chirng minh rang phuong trinh ¢6 v s6 thira so tich phén.

Ta sé& chirng minh rang 4, = O(u)u(x,y) cung la thua s6 tich phan. Trong d6
®(x) la ham kha vi tuy y.

Thuc vay: tir u Mdx + uNdy = du

= uD(u)Mdx + uO(u)Ndy = O(u)du :a‘jcl){u)du. Day la phuong rinh vi phéan

hoan chinh hay g (x,y)= ®@)u(x,y) la thua s6 tich phan. Vi ®(u)la tuy y suy

ra phuong trinh co vo so thira sé tich phan.

o
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Chuong 1 - Phuong trinh vi phan cap mot
86. PTVP hoan chinh

6.3 Thura so tich phan
Hé qua 1: Moi thira so tich phan cua phuong trinh déu co dang 1, = p®u).

Gia sz, 1, déu la thira so tich phéan cua phuong trinh

i - i Cilid
I wMdx + uNdy = du=—dx+—dy =0
Eix &y
| s (17)
cv cv
' .v"l-"-r'.l-'ifdx T A JJI'E'H}" =dv= ﬂ—fi‘l’ e ﬂi_‘lf ={
L. ) Cix v
fu Ou cu ou
. cx v
Dodé &£ =—— hay 2 rah
ov oV ov ov
N

cxX .
Vi — =0 nén gira u va v cd su phu thudc, do dé v=g(u). T (17) suy ra

ay
L Mdx + i, Ndy = dv = ¢'(u)du = ¢'(u ) g, Mdx + g Ndy)

= i, = @), = D)y,
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Chuong 1 - Phuong trinh vi phan cap mot
86. PTVP hoan chinh

6.3 Thira s6 tich phan

Hé qud 2: Néu biét dwoe hai thira so tich phdan khdc nhau cia phieong trinh la

i L T . o EALXY
L, 1, thi tich phan tong quat cua phirong trinh la - (6Y) _

(x,)

L.

, t =0 (u D _
Theo chirng minh trén ta cé =0 s B Dl =Ou)=C
Hy =D, (u)pt M, ©,(u)

Van dé quan tdm tiép theo la tim thira sé tich phdn nhw thé nao?

kit
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Chuong 1 - Phuong trinh vi phan cap mot
86. PTVP hoan chinh

6.3 Thira s6 tich phan

Cach tim thura so tich phan
No6i chung khong cé phuong phap tim thira s6 tich phan ma ta chi c¢é thé
tim dugc trong mot ) truong hop dac biét:

Goi u(x,y) la thira so tich phan cua phuong trinh khi d6 ta co:

% & & & 8M &N )
= (uM)=—=—(uN) hay N f-Mﬁ:,u( L J
cy Cx ox oy L Oy Ox
B0 ON N2E O g

oy ox ox oy
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Chuong 1 - Phuong trinh vi phan cap mot

6.3 Thira Sf’) tich phan §6. PTVP hoan chinh
Cach tim thira so tich phin
a) Thira s tich phan chi phu thudc x x= u(x). Khi d6 ? =0.
cy
M &N cM N
, clnuy oy éx ey B .

Tur (18) = A = N l‘lﬁ}-’ IJ]JH(I] —j N dx +C (19)
oM 6N

0. Vi du

Chii 7 = pln) & % chi 13 ham ciia x.

b) Thira so tich phan chi phu thudc v: u=u(y).

oM oN oM oN

cln i oy Ox B e
E} =— ] hﬂy In ;I(vl]——’.‘Td'Lr-i-C (20)

Tuong ty =

oM oN

Vi du

iz oy ox SE w ,
Chit y: u=pu(y) e T chi la ham cua y.
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Chuong 1 - Phuong trinh vi phan cap mot

6.3 Thira so tich phin , 86. PTVP hoan chinh
Cach tim thira so tich phan

Vi du: Giai phuong trinh (x* - y)dx+(x"y’ +x)dv =0

M=x*-y oM oON
. - =—1=-2xy"—1==2(x" +1
5 3 = = -2 . .
N =xy¥x cy ox |
oM ON
Vi % :_2(xy‘ +1) o = pu=pu(x)= E_EJ‘% =
N x(x?+1) x S X

Nhur vy thira s6 tich phan 13 u(x)=—

T - w ﬂ’_ ) 5 o ]. r
Nhan hat vé cua phuong trinh vo1 — ta co:
X

[1 - fiT-i—( Y’ +—\ dv =0 la phuong trinh vi phan hoan chinh

) x)
. xdy — ydx
Phuong trinh < dy+ y’dy + ————
Xt

=0

- » 1 . '
& (f|::{‘+—1f+i}=0{:t- x+—y3+i=C
3 X 3 X

o
=]
===
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Chuong 1 - Phuong trinh vi phan cap mot
6.3 Thira s6 tich phin , 36. PTVP hoan chinh
Cach tim thira so tich phan

Vi du: Giai phuong trinh (r y.+ 1]f£r+( —r]rh =0

R 2

- :xa-y- e :?’ﬂ—i—w— 2x° y+1-(-1) =2(x2y+1]

N=y —x oy ox .
oM &N ( ]

G0 B 2 xjv+l g _zl*ﬁ 1

vy 9 ox _ C =T u=u(y)=e N =—

M y(xzyﬂ% l] ¥y H=H 3

Nhu vay thira so tich phan la u(y)= L.,
Vv

A L : T :
Nhan hai vé cua phuong trinh vo1 — ta co:
V'

( T+ — 151[1‘4—{1 ——}tﬁ =0 la phuong trinh vi phén hoan chinh
\ y) y

ydx —xdy

y

Phuong trinh < x’dx+ dy + =1

- % 1 o %
@ﬁ{—x +y+— =0 —x +y+—=C
y y

kit
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Chuong 1 - Phuong trinh vi phan cap mot
6.4 Bai tip tham khio §6. PTVP hoan chinh

Phuwong trinh vi phan toan phan
/
]

- v 1 ¥ & 8. ]
l. |—sin———=—cos=+1|dx+| —cos=———sin—+— |[dy =0
W ¥ 5 z T ® ¥ ¥ v
l'f X X
7 53 X
2. |x+e’ ldx+e’|1-—|dy=0.
\ g

3. zx(_1+...!f —ylfl —Jx* =ydy =0,

4. (::f1 +y:lxr{v—y(i‘r] =(a+x)x*dx.

5. (xcosy— ysin y)dy+(xsin y+ ycos yJdx=0.
6. (f lnI—ZI:_FE)CiT-i— 3x°yidy =0.

7. yldx+(2xy+3)dy =0

8. e“(2+2x—}f1)dx—26”ydy:0

9

1

(yz +l)%dx + (yz +3xy /1 + Y’ ):lyzﬂ

0. (y-.:l::::,2 X —SIn :{)d}rz}rcns x(}rsinx +])d:{

kit
i



§7. PTVP cap mjt chwa giai ra doi véi dao ham

7.1 Phwong trinh F(x, y’) =0
7.2 Phwong trinh F(y, y’) =0
7.3 Phwong trinh F(x, v, y’) =0
7.3.1 Phwong trinh Lagrang
7.3.2 Phwong trinh Klero
7.4 Bai tap tham khao




Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.1 Phwong trinh F(x.y’)=0

a. Truong hop 1: Phuong trinh dang xét xac dinh »' nhu 1a ham an cua x va ¢
thé giai ra dugc y'= f(x).

Khi d6 nghiém nghiém tim dugc bang mét lan cau phuong v :Jj'(,r)derC :
b. Truong hop 2: Tir F(x,)")=0 ta giai ra dugc x theo y' : x=4¢(»").
Khi d6 d3t y'= P xem P 13 tham sé ta duoc x = ¢(P), vi j—" ool e Y

X

Do x=¢(P) = dv =¢'(P)dP. Viy dy = P§'(P)dP = y = [ P§/(P)dP+C..

. . . [x=9(P)
Nghiém thu duoc dudt dang tham so < :
|y=[Pg'(P)dP+C

kit
i



Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.1 Phuong trinh F(x,y’)=0

Vi du: Giai phuong trinh ¢’ +y'=x

Pit y'=P=x=P+e

4

P_
Tacd y=[P(+e")dP+C=e"(P+ ) +—-+C

I P
lx=FP+e

Vay nghiém téng quat: < 2 p?
| V=€ (1 +P)+?+C

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.1 Phuong trinh F(x,y’)=0

¢. Trudng hop 3: Tir F(x,))=0 ca x,y' déu biéu dién bang mot ham don tri

|x=g(1)

theo tham s6 i ). Khi do y:j_p'ﬁir+(j‘:jw(z}f;s&'('r]dz+(j‘_
¥ =

| _ [x=6@)
Nghiém tim duogc dudt dang -

'l}i =Jw(z]¢ﬁ'(f]fﬂ +C

Vi du: Giai phuong trinh x* + y*-3x'=0

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.1 Phuong trinh F(x,y’)=0

Vi du: Giai phuong trinh x* + y”°-3xy'=0

Dat y'=x thay vao phuong trinh tim x theo ¢
2
Ta ¢o: (14 8) =3 vy = 5. p i

L4

3 -

1+ ¢

2 3 2 2 3
Khi d6 y=[v'dx+C=] o LD dr+C=3j3I =20} i

T (1+2Y
o - C
bat u:rj+1::=-y:3_[3 ?udu+C:—Lj+E+C.
T 2u”  u
( 3
T
Vay ta c6 nghiém < 9 6

| pi=e— TR s
I 201+t 1+¢r

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.2 Phuwong trinh F(y,y’)=0

a. Truong hop 1: Giai duge y' theo y: y'= f(y).
s . dy
Khi do dy= f(y)dx= j+= x+C,
7 ()

Ngoairagiatri y=y, ma f(y) =0 ciing la nghiém cua phuong trinh

kit
i



7.2 Phuwong trinh F(y,y’)=0

Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

b. Truong hop 2: Giai duge y theo y': y=¢(p")

Gia sir ¢ 12 ham kha vi lién tuc. Dat y'=p tacd y=g(p)

T Y- 1
dx p

Vay nghiém tong quat co dang -

| .
p=rdx=—dy=""gl(p)dp=> = | ¢ (p)p+C

1
-,T:J;ga(p]r:{ﬂ +C

W =¢(p)

kit
i



Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.2 Phuwong trinh F(y,y’)=0

=¢(1)

c. Truong hop 3: Biéu dién J e i véi gia thiét ¢ 1a ham kha vi lién tuc va
y =t

wit)=0.

dy , [~ P'(1)
— = y'= dx =—— x= dt +C
N yv'=w(t)=dx v @) @ (1)dt = x j o t+

[y =40
Vay nghiém tong quat c6 dang J j.;s: (z
wit)

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.3 Phwong trinh F(x,y,y’)=0
Gia su cho phuong trinh F(x,p,y")=0

Gia str phuong trinh cé thé biéu dién duéi dang tham sé
x=0(u,v); y=w(uv); y'=A4(u,v)
Nho céich biéu dién tham sO nay ta c6 thé dua viée giai phuong trinh
F(x,y,y") =0 vé viéc giai phm:mg trinh dﬁ giéd ra d6i véi dao ham.
g

- r 5
laco de=—du+ ,.¢ dv; dy =
du ov du av

L Y'= A W),

-

Tt dy=y'de=> Laus¥av=1 @, 1){ O s %V} . Hay néu coi « 1a bién

Ct oV cul cv
el Fw
2 2 2 - dv ] " 2 B s &g F-a
va v la ham thi: S = f(u,v) chinh la phuong trinh da giai ra doi
diut FW g W’ﬁ
oV oV

voi dao ham, gia sir nghiém tong quat 1a v=Q(u,C). Khi d6 nghiém téng quat
cua F(x,v,y") =0 dudi dang tham s la

= 6[u,Qw,0)] ; y=w[u,Qu,C)].

o

=]
===
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cip mét chwa giii ra d6i véi dao ham

7.3.1 Phwong trinh Lagrang

Phuong trinh tuyén tinh d6i véi x va y co dang
y=¢(y)x+w(y
trong do gia thiét ¢(y") # »' (néu = la phuong trinh Klero)

Pat tham bién: u=x;v=p=1y'
Khi do phuong trinh co dang y =é(p)x+w (p)

Ta can tim x theo p.Tir phuong trinh ::a%: ¢(p]+[¢'(p],r+w'(p]}j—p:p.
dx i

Néu coi x 14 ham, p 12 bién, » &+ 2P, v (P)

dp ¢(p)-p  p-9(p)

Pay la phuong trinh tuyén tinh khong thuan nhat. Gia st nghiém tong quat cé
dang: x= A(p)C + B(p) thay vao phuong trinh taco y = A,(p)C+ B/(p).

Pay la nghiém tong quat cia phuong trinh Lagrang dang tham sé.

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.3.1 Phwong trinh Lagring (tiép)
Vi du: Giai phuong trinh y = 2xy'+sin )"

bat y —p:::rai =2p+2x dp+cn%pdpzp
dx dx dx

dx X Ccosp dx x —cosp

I—Iay (2r+cnsp]——p =>—=-2—- hay —+2—= (p#0)
dp p P dap. p p

Xét 22X s lnjx|=—21n|p|+ In|C)| = x ==

dp p JZ
Coi C =C(p) thay vao phuong trinh dau = 11 LA
p~ dp p

hay Cz—fp cospdp +C, =—psinp —cosp +C,.

(

1
x=(—-psinp—-cosp+C, )—
Vay phuong trinh c6 nghiém 4 i 3 ]]pj

Lv =2px+sinp

Ngoai ra phuong trinh ¢é nghiém p =0 tacla y=0

o
==
===
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.3.1 Phwong trinh Lagring (tiép)

Chii ¥

Khi bién déi phuong trinh ta phai gia thiét ¢(p)— p = 0. Dé thay rang cac
gia tri nghiém p = p, cing la nhirng nghiém cua phuong trinh. Tuy ting trudng
hop nghiém d6 c6 thé 1a nghiém riéng hay nghiém ki di.

Vi véy doi véi phuong trinh Lagriang nghiém ki di néu c6 chi c6 thé 1a cac

duong thiang y = px+w(p).

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.3.2 Phuwong trinh Klero

Phuong trinh co dang y=y'x+w ("

e dy —_—
Dit y'=p=y=pr+y(p)= 2= p+[x+y'(p)| L =p
dx dx

::z'}t?:(]

=>(JY+W'(P)]E

T dotaconghiém p=C va x+y'(p)=0
T p=C = y=Cx+y (C). Pay la mot ho duong thing.

Tu x=—y'(p)=>y=-py'(p)+v(p).

Vay ta c6 nghiém dang tham so6 %x i ({ﬂ
y=—pv'(p)+yv(p)

kit
i




Chuong 1 - Phuong trinh vi phan cap mot
§7. PTVP cap mot chwa gidi ra d6i véi dao ham

7.3.2 Phwong trinh Klerd (tiép)
Chii y:

Nguo1 ta chimg minh dugc 1‘ﬁng néu w"(p) ton tai va lién tuc, w"(p)=0 thi

A i . [x=—p'
nghi¢ém dudi dang tham so < v (p)

. la nghiém ki di cua phuong
y=—pv(p)+w(p)

trinh. N6 chinh 1a bao hinh cua ho duong thang trén.
Vi du: Giai phuong trinh y=y'x —14_1:'3

i 1 \dp
Pat y'= :}(r—— )—:U
S > | e

o= =Cx—$CE

| | ] ] : —
¥ y=—p=>y=—p'——p’ =—p° =x° lanchiém ki di
2P ) 2P 41'7 4}7" Znic 1

kit
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7.4 Bai tap tham khao

P

Do W

g.

0 =1 M

xy =1+y'.
. o
y=el.y
1
_}"JEI i e}'

y=y(1+y cosy’).

=7y v+5mL.

3
“xy'+e”

¥

Chuong 1 - Phuong trinh vi phan cap mot

§7. PTVP cap mot chwa gidi ra d6i véi dao ham

y=2yx+ y*y” (Nhan hai vé véi y, Dat z=y?)

v 1

X=—+— (x— ham, y—Dbién).

[ g2

m,—L—JnL

10. 2y *(y—xy') =1.

kit
i




88. Phwong phap tim nghiém Ky di

8.1 Phwong trinh yv’= f(x,y)
8.2 Phwong trinh F(x,y, y’) =0
8.3 Tim nghiém ky di tir nghiém tong quét




Chuong 1 - Phuong trinh vi phan cap mot
88. Phwong phap tim nghiém ky di

8.1 Phuong trinh y’ = f(x,v)

Nghiém ki di chi ¢o thé xuat hién tai nhimg not ma diéu kién Lipsit khong duoc

o

thoa man. Do do nghiém ki di co thé xuat hién tai nhimg no1 ma —khcmg o101

s

Tir d6 ta o thé rit ra quy tac tim I'lE,hlElTl ki di:
4- Tim nhitng duong cong ma doc theo nod E khong gidi ndi. Gia sur goi duong

J
=

cong do la y=¢ (x).
#+ Thur xem duong cong do6 ¢6 phai la nghiém cua phuong trinh vi phan khong ?

4 Néu c6 phai thi thir xem tai mdi diém cua duong cong tinh chat duy nhat
nghiém cé bi pha v& hay khong ? Néu tinh duy nhat bi pha v& thi y=¢ (x)1a

nghiém ki di.

ey

Vi du: Xét phuong trinh y'=y

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§8. Phwong phap tim nghiém ky di

8.1 Phwong trinh y’ = f(x,y) (ti€p)

Vi du: Xét phuong trinh y'= 3

o 2 = o
Taco f—— & %
ay 3 oy

=0 kh1 y=0.

Ta thdy: + vy =0 la nghiém.
+ Nghiém téng quét cia phwong trinh vi phan trén la 27y =(x+C)’
day 1a ho dudng Parabol bac 3, ta thay tai moi diém cua y =0 tinh chét duy nhét

nghiém bi pha vé do do y =0 la nghiém ki di.

kit
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Chuong 1 - Phuong trinh vi phan cap mot
§8. Phwong phap tim nghiém ky di

8.2 Phwong trinh F(x,y,y’)=0

Gia st phuong trinh F(x,y,3") =0 x4c dinh mot s6 céc gia tri thue y'(hay vo

han)
y'=1,x) (=L2,.) (*
gia su f(x,y) lién tuc va co dao ham rniéng theo y khi do ly luan nhu trén ta co

thé tim duogc nghiém ki di cua phuong trinh (*).

Tuy nhién trong thyc hanh dé tim nghiém ki di cua phwong trinh (*) ta c6 thé

; . O
tinh truc tiép % nhu sau:
oy
5. 0k W g : : oF oF oy’
Ta co: :{* =— vi phan phuong trinh (*) theo y ta dugc —+——=0
f;‘:‘}? C:L.!' f;‘j} C}} C:}!
oF
&' oy T R T O e iz
== — — # 0 |. Ta thdy ring — =0 <— khoéng gi61 ngi.
Gil*' oF (_';:11 ) cy cy
oy’

Tir d6 ta di dén quy tic tim nghiém ki di cua phwong trinh (*) nhu sau:

o
=]
===

iy



Chuong 1 - Phuong trinh vi phan cap mot
88. Phwong phap tim nghiém ky di

8.2 Phwong trinh F(x,y,y’) = 0 (tiép)

Tir d6 ta c6 thé rit ra quy tic tim nghiém ki di:
J"F (x,,)=0
% Tu hé | OF _ khtr y'ta duge hé thire R(x,y)=0 (**).
(&

Hé thire (**) goi 1a y'— biét tuyén (hay p biét tuyén) cua phuong trinh (¥)

4 Thu xem p biét tuyén cd phai la nghiém cua phwong trinh (*) hay khong?

4 Néu phai thi xem tinh chat duy nhat ¢6 bi pha v& hay khong. Néu ¢6 thi

p-biét tuyén 1a nghiém ki di.

kit
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Chuong 1 - Phuong trinh vi phan cap mot
88. Phwong phap tim nghiém ky di

8.2 Phwong trinh F(x,y,y’) = 0 (tiép)

3 3

Vi du: Tim nghiém ki di cua phuong trinh F(x,y,y)=y"+y =1=0

. BF . x| PPy =1=0 :
Ta oo —=29'=0 ki 9" e g 2= ~ = y=+1. Thay y=+1 vao
oy 2y'=0

phurong trinh ta thay né la nghiém.

T _v'zi\/? ta co6 nghiém arcsiny=2x+C = y=sin(xx+C) hay
y=sin(x+C) (vi sin(—x+C) =sin(x+7-C)).

Ta thay trén y==+1 tinh chat duy nhat nghiém bi pha v& =y =+1 la nghiém ki

di.

kit
i



Chuong 1 - Phuong trinh vi phan cap mot
88. Phwong phap tim nghiém ky di

8.3 Tim nghiém Ki di tir nghiém tong quat

Gia st tich phén téng quat c6 dang ®(x,y,C) =0 ta tim bao hinh cua ho nghiém
tong quat. Mudn vay trude hét ta tim C-biét tuyén tir hé

(®(x,y,C)=0
16D(x,,C)

I - 0
L oC

Ta chimg minh ring néu C-biét tuyén la bao hinh cua ho nghiém téng quét thi né
la nghiém ki di cua phuong trinh. That vay:
v Bao hinh 1a nghiém: Tai mdi diém cta bao hinh ludn c6 mat duong cong
tich phéan tiép xtc suy ra bao hinh 1a nghiém.

v" Bao hinh la nghiém ki di: Hién nhién.

kit
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Chuong 1 - Phuong trinh vi phan cap mot
88. Phwong phap tim nghiém ky di

8.3 Tim nghiém ki di tir nghiém tong quat (tiép)

Quy tic tim nghiém ki di:
4+ Tim C-biét tuyén cua ho duong cong @(x,y,C) =0

"(D(I,};,C) _— U
{._ E(D(I:}"u C] 3 0 = R(I;}J] = Cl
l  &c

% Thir xem C-biét tuyén c6 phai la bao hinh khéng? Néu phai thi R(x,»)=0 la

nghiém ki di.

kit
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Chuong 2

PHUONG TRINH VI PHAN CAP CAO

8 1 Cac khai niém co ban
§ 2 Cac phwong trinh gidi dwoc bang cau phwong
§ 3 Phwong trinh tuyén tinh




§1. Cac khai niém co ban

1.1. Dinh nghia

1.2. Bai toan Cosi
1.3. Pinh |y ton tai va duy nhit nghiém
1.4. Nghiém tong quat




Chuong 2 - Phuong trinh vi phan cap cao
81 Cac khai niém co ban

1.1 Dinh nghia

Néu x la bién ddc lap, v 1a ham thi phuong trinh vi phan cap cao c6 dang tong

quatla  F(x,,¥'..,3")=0 (1)

trong d6 nhat thiét y' phai co6 mat.
Gia sir ham F lién tuc theo tat ca cdc bién va tai diém x = x,, y"“(x,) = »\" thoa

man diéu kién :
R T R

oF

(m)

v

—— =0 va lién tuc tai diém M (x,, vy, Vyseo ¥,
oV

Khi d6 theo dinh ly ton tai ham an, tir (1) ta co thé giai ra trong lan can diém
M (X,, ¥y, Vg5 ¥s") phuong trinh
L5 - N An=1)
¥ _.f(‘l:.}'a.} geeey )y ) (2)
Phuong trinh (2) duogc goi 1a phuong trinh vi phan cap n da giai ra doi véi dao ham

cap cao nhat.

kit
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Chuong 2 - Phuong trinh vi phan cap cao

81 Cac khai niém co ban

1.1 Pinh nghia
Nghi¢ém cua phuong trinh
Gia si ham f xac dinh va lién tuc trong mién bién thién G nao do cua céc

. - (-]
bién s x,y, ¥y "7

Ham y=y(x) dugc goi 1a nghiém cua phwong trinh 3 = f(x,p,»'..,»"™")
trén khoang (a,b) néu :
1. Ham L(r) lién tuc va cé dao ham dén cép n lién tuc trén (a,,b) sao cho khi

x €(a,b) thi diém (x,,y(x),,y'(x),..,,y[”_” (r)) e

2. Trén (a,b) véi y=y(x) thi phuong trinh »™ = f(x,y,»"...,»" ") tr& thanh dong

nhat thire.
Nghiém cua phuong trinh (2) y = f(x:,y,,y '7...,,y[”_]-’) ¢6 thé tim dudi dang an

®(x,)=0 hogc dudi dang tham s6 x=g(t), y=w(¢). D6 thi cia nghiém duoc goi

la dudng cong tich phan.

kit
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Chuong 2 - Phuong trinh vi phan cap cao
81 Cac khai niém co ban

1.2 Bai toan Cosi

Hay tim nghiém y(x) cua phuong trinh y = f(x:,y? y':,...:,y(”_”) thoa man diéu

kién ban dau :
lﬂ ]}(

W(X) = Vo, ¥ (%) = Yysenn

trong d0 X, ¥ys Vosees ) Y 1a cac gia tri cho trude va dugc goi la céc gia tri ban dau.

Van dé dat ra la vor diéu kién nao thi bai toan Cdsi ton tai va duy nhat nghiém?

kit
i



Chuong 2 - Phuong trinh vi phan cap cao

81 Cac khai niém co ban

1.3 Pinh 1y ton tai va duy nhat nghiém

Xét phuong trinh ' = f(x, y,¥",..... ") (2)
Dinh ly:
Jn=1)

Cho hé diéu kién dau y(x,) = y,, ¥'(x,) =5, ¥ (x,) =y, vagiasir:
. Ham f(x,y,y,...»"") lién tuc trong mién kin giéi ndi G

' r (n—1 [ H—1
y —_}fﬁ‘ib,...., Y S 4 B

V=1, b,

I‘T_" {“.l| = d,

Tir d6 3M sao cho |f|<M trong G.
2. Ham f thoa man trong G diéu kién Lipsit d6i véi y,y',..., "™ tlrc 1a 3N sao cho

T 7O = 5T T < N (75

bt [ 5]
Khi d6 ton tai duy nhat nghiém y(x) xac dinh lién tuc trong |x—x|<h vdi

b

,! va thoa man diéu kién ban dau da cho.
[ .

h=min| a,

=)

max (M ; Lv

2

kit
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Chuong 2 - Phuong trinh vi phan cap cao

81 Cac khai niém co ban

1.4 Nghiém tong quat

Xét phuong trinh ' = f(x,y,¥',...., ") (2)

Nghiém toéng quét cua phuong trinh vi phan " = f(x,,¥'....,»"™") trong
mién G thoa man diéu kién ton tai duy nhét nghiém 1a ham ¢(x,C,,C,....C,) ¢6 dao
ham riéng lién tuc theo x dén cip » va phu thudc vao cac hiang sé C,C,,....,C, sao
cho:

Y Co)

o 2 ‘__-L-JI:;E&.(_,T,C]:....,C”] A 3 x I -1
1. Tir hé < giai ra cac hing s6 C, =y (x,y,»%....»" ™).

k}-‘["_” = q.aﬁ_:”_”(x,C],...., € )

2. Ham ¢(x,C,,C,,...,C,) thoa man phuong trinh dang xét vé1 VC, trong mién dang
Xet.
Tuong tr nhu phuong trinh vi phan cap 1 ta cd thé dua ra dinh nghia nghiém

rieng, tich phan tong quat va nghiem ki di cua phuong trinh vi phéan cap cao.

o
=]
===
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§2. Cac phwong trinh giai dwoc bang cau phuwong

2.1. Phwong trinh F(x , y™M) =0
2.2. Phwong trinh F(y(™D  y(M)) =0
2.3. Phwong trinh F(y("2 y(M) =0




Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

D6 la phuong trinh ¢6 dang F(x,3'")=0 (1)

a) Phuong trinh (1) ta c6 thé biéu dién " qua x: " = £(x) 2)
Gia su ham f(x) lién tuc trong khoang (a,b). Khi do bai toan Cési ¢ nghiém
duy nhét d6i véi bat ky x, €(a,b)va y,, 5.3, nhén gid tri bat ky.

d

B © ) S o7
i £{x)

P j f(x)dx+C

A

2 = jdrjf(x]dr +Cx+C,

X Xn

- X X ¥ C] i
y= jdtjd‘{;[ f(x)dx+ (ﬁ_l]!(x—xﬂ] it

X X

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

a) Phuong trinh (1) ta c6 thé biéu dién " qua x: Yy = flx) (2)
Nghiém tong quat ctia phuong trinh (2) la:

X X : C
= ran- o5

(x=x,)"" +...+C

L

Biang cach ap dung cong thire Dirichlé (d6i voi tich phan hai 16p) ta

dugc jdrjdx....jf(x]fir =

- l)rjf(z](r )" Vdr, Khi d6 nghiém tong quat

dugce viét duot dang:

1!

-1 C n=1
= wjf( N —1)"" }'a'r+( A I, S TR R

Chii y: S6 hang dau tién trong (*) ciing la nghiém riéng cua phuong trinh véi

C, =0 (i=1,2,..,n).

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong gii dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

a) Phwong trinh (1) ta c6 thé biéu dién »'" qua x: ' = f(x) (2)
Vi du 1: Tim nghiém cua phuong trinh y"=Inx khi x=Ly=y,,y =y,,)" =y,
Ap dung cong thitc nghiém (4) ta co:
1 x 3 A 3 V!
y=—|(x—-0)"Intdt + 2(x-1)" +L(x-1)+y
.ztlj( ) =) + 2L (x=1)+

1, 11 5 1.5 1 §
=—xInx——x"+—x"——x+—+=x-1)"+y,(x-D+y
36" 2 T2 Yol =15,

Vi du 2: Tim nghiém cua phuong trinh 3" = xe”
Tich phan lan luot hai vé ta duoc
y=(x-2)e"+Cx+C,
Nghiém thoa man diéu kién ban dau y(0)=1, »'(0)=0 ¢6 dang

y=(x-2)e" +x+3

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

Do 1a phuong trinh ¢6 dang F(x, 1" )=0 (1)

)

b. Trudong hop tir phuong trinh (1) c6 thé biéu dién x,y" mot cach don tri theo t,

4 , trong do ¢(¢) co dao ham lién tuc, w (¢) lién tuc.
Ta s& biéu dién y theo ¢.
Vi &y = y"dx =y (1)@'(2)dt tacd

Y = [ g ()dt +C, =y, (t,C)
=5 @y " =y Vb = yi it C ) (2)dt

=y = [y, '(1,C)¢ (1)t + C, =, (t,C,,C))




Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

)

b. Trudong hop tir phuong trinh (1) c6 thé biéu dién x,y" mot cach don tri theo t,

{x: M”( ],tmng do ¢(r) co dao ham lién tuc, w(¢) lién tuc.
=y

x=¢(0)

VAay nehiém tong quat cua phuone trinh ¢6 dan
1y ngnic £q P g ing {}’ZWH(I;C];C;;---:C,T)

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

)

b. Trudong hop tir phuong trinh (1) c6 thé biéu dién x,y" mot cach don tri theo t,

x=¢(1)

i , trong do ¢(r) c6 dao ham lién tuc, y (¢) lién tuc.
" =w @

Vi du 1: Giai phuong trinh * +)" =x

Vi du 2: Giai phuong trinh x—e* +3y" =0

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong
2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

Vi du 1: Giai phuong trinh e’ + " =x
x=¢e +1

Phurong trinh viét dudi dang tham s6 la: { ,
---}.'-r o I

2

Dodd dv'=y"dx=t(e' +1)dt =y =(t-1)e +%+ 3

2

dy = ydx = {(z e + % +C, }(er +1)dt

2

:t?}r:j|:(f —I]Ef+%+Cl}(er+1]a’.a:+C2 .

Vay nghiém phuong trinh a - [ t 3}
V=

e +[——1+{'3]}3r+%_+C]E+C2




Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong

2.1 Phuong trinh chi chira bién s6 va dao ham cap cao nhat

Vi du 2: Giai phuong trinh x—e” +y" =0

i 2

X=e —§

L

Goiy: Dat y"' =t taco {
V=7

Nghiém téng quat cua phuong trinh

P
y=[i-§]ezf -[Ef -2r+2-(:,]ef vAs_crsc,
3 15 -

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh giii dwoc bang ciu phwong
2.2 Phuong trinh F(y("D y(MW) =0

(") y"My=0 c6 thé gidira y™ = f(5" ™)

T

a. Xét truong hop tir phuong trinh F(y

Pit z =y ta duge 2’ = £(z) d6 la phuong trinh téch bién.

+ Giai phuong trinh ta duge  z=w(x,C,) <y =0(x,C)

Ta tro vé truong hop phuong trinh (1) trudng hop a).

+ Néu khéng giai duge ra z=w(x,C,) nhung biéu dién duge dang tham sb

Jx = p(1) x=0(1)

l 0 =9 o o va ta trg vé phuwong trinh (1) trudong hop b) da biét
zZ=y W =w(r

cach giai.

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong gii dwoc bang cau phwong

2.2 Phwong trinh F(y("™D y(MW) =0

(n=1) _
- _,‘:_ u - _:I, = : - .ﬁr 1’" 3 E
b. Néu phuong trinh (3) biéu dién don tr1 theo tham so ¢ I 3 P)
[ =y
T dy'"™" = y"Wdx = ¢(H)dt =y (1)dx = dx = ¢ (‘?‘{;’:
w1

Do do x= LD ¢ = v=4(,C). Khi d6
(1)

};[”_3} = ];[”_]}fi‘{j: Md{ + C—, = ]{I,C-,]
' j j w (1) P
.}: :Wﬁ_](.f= CEJ"'?CH)

Ta nhan dugc nghiém tong quét cia phuong trinh dang tham so:

Y=y(t.C)
y=¥,(C,,-,C,)

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong gii dwoc bang cau phwong

2.2 Phwong trinh F(y("™D y(MW) =0

; s : 1) _ e
b. Néu phuong trinh (3) biéu dién don tri theo tham so ¢ I }_ pU)
[ =y
Vi du: Xét phuong trinh  ay" = —('1 —._11'3]3
Dit z=y'= az’ :—(1 42 F hay LJ :—de
{1+ z? F i
X dz dz
= ——= ++C,.Dit z=1g¢p = | ——F=—==s5ing
a j(l+zlj|5 | j(1+z3]«J1+z2

- r . - r ! ‘T:_ﬂ51n¢+c]
Vay ta co nghiém tdng quat la:
y=acosp+C,

Hay (x-C)’+(y-C,) =a’

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong
2.3 Phuong trinh F(y("2 y(W) =0
F(y"?,y™=0 4)

o
]

a. Néu tir phuong trinh (4) suyra "™ = £ (»""™)

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong
2.3 Phuong trinh F(y("2 y(W) =0
F(y"?,y™=0 4)

o
]

a. Néu tir phuong trinh (4) suyra y = £ (")
Ta dat z=p"? =z"=f(z). Nhian cd hai vé véi 2z (z'20) ta dugc

222" = 22'f(z) hay d(2?) =2f(2)dz = 2" = jzf(z)dz +C,.

Vay 2/ :iszf(z]dz +C hay d :i\/zjﬂz)dﬂ C,dx.
:bdrzL:::x—[—Cj =

dz
+[2[ f(2)kz +C, 2] f(2)dz+C,

Hay @©(x,y"™,C,,C,)=0.Pay la phuong trinh dang (1).

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§2 Cac phwong trinh gidi dwoc bang cau phwong
2.3 Phuong trinh F(y("2 y(W) =0
F(y"™,y")=0 4)

a. Néu tir phurong trinh (4) suyra y™ = £(3"")

b. Phuong trinh khong giai ra duge ' nhung co thé biéu dién mot cach don tri

[, 2 = g(1)

theo tham s ¢ -
= (1)

Khi d6 dy'"™" =yWdx=w{t)dx, dy"" =y dx = g(D)dt

—, }_,{n—]}d:p{ﬂ—]} 2 'P["T}}J[n—]}dx 5 w (f)l‘;él(f)df

Hay dB( (- ”]J w(r];eb(r)dz::»; ) jw(r];eb(z]errC

e i\/z v @ar+c, =y,1,0).

Két hop véi y™ = 4(¢) ta dua vé phuong trinh (2) truong hop b)

o
=]
===

iy



§3. Phwong trinh tuyén tinh

3.1. Pinh nghia va tinh chit

3.2. Phwong trinh tuyén tinh thuin nhat

3.3. Phwong trinh tuyén tinh khéng thuin nhat
3.4. Phwong trinh tuyén tinh c6 hé s6 hiing s6
3.5. Bai tap tham khao




Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.1 Pinh nghia va tinh chat
3.1.1 Dinh nghia

Phuong trinh vi phan tuyén tinh cap » la phuong trinh ¢6 dang
a, (x )yt + al(:::))-'[”_” +.nta (x)y=¢(x) a,(x)=0.
Néu ¢(x) =0 thi phuong trinh duge goi 1a phuong trinh thuan nhat.

Thong thuong ta xét phuong trinh tuyén tinh dudi dang:

¥+ p )y + et p()y = f(%) (D)
¥+ p ()" +.+p ()y=0 (2)
o . g d" g e
Néu dua vao toan tu vi phan: L = FTRE (x) ot Tt p,(x). Khido:
x dx

Phuong trinh (1) duoc viét dudi dang L, [y]= f(x)

Phuong trinh (2) duoc viét dudi dang L, [¥]=0

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.1 Pinh nghia va tinh chat
3.1.2 Tinh chat

% Phuong trinh Z [y]= f(x) van con la tuyén tinh cép » néu ta dung phép
thé bién x = ¢(&)

% Phuong trinh L [y]= f(x) van con la phuong trinh tuyén tinh cép » néu ta
ding phép thé y=V(x)Z+n(x). Trong d6 V,Z,n la cac ham kha vi lién

tuc n lan theo x,Z —ham méi phai im va ¥ (x) =0 Vx e(a,b).

kit
i



3.1 Pinh nghia va tinh chat

Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.1.3 Swu ton tai va duy nhat nghiém

[n‘ .

Viét phuong trinh " + p,(x)y ot p, (x)y = f(x) dudt dang
.= F(x, P ¥ sy
Gia st vi Vxe(a,b) thi cac hé s p,(x), £(x) 1a cac ham s0 lién tyc.

Do F(%,3, 5 ™ )=—pp" = p P — = py+ f(X)

.-.

Do do —‘ pk(r)|

gy

-

Vi viy Vxe[a,f]e(ab) thi |
(“’F

—1< N (theo tinh chat lién tuc cia p.(x))

H—1
‘F LA B R L ) | Z|-“ “}|_ Tue 1a diéu kién Lipsit
' =0

thoa man trén doan [, f]e(a,b)= 3 duy nhét nghiém y(x) cua bai toan Cosi

d6i v6i phuong trinh (1) trong khoang x, -h<x<x, +h.

o

iy

=]
===



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phwong trinh tuyén tinh thuin nhat

Xét phuong trinh thuan nhat L [¥]=0 (1)
3.2.1 Tinh chit ciia todn tir L

* Lﬂ[-}}]+-y2]:Lﬂ[-}}]]+Lﬂ[-}}3]

® L Cv)=CL 7]

Tong quét taco L, [Zq}ﬂ =>CL[»] (2)

Tur (2) ta c¢d: Néu v (%) (k=1,2,..,n) la nghiém cua (1) thi iCkyk cling la
k=l

nghiém cua (1)

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat
3.2.2 Su phu thuéc tuyén tinh

Xét hé ham {¢,(x)},_ xac dinh trong khoang (a,b)
Dinh nghia:

H¢ ham {¢, (x)} dwoc goi la phu thuoc tuyén tinh trong khoang (a,b) néu
ton tai cdc hang so a,d,,...a, khong dong thoi bang khong sao cho
b (x)+ad(x)+..+a,d,(x)=0 Vxe(a,b) (3)

Néu khéng ton tai céc a, nhu vay dé dong nhat thite (3) thoa man thi ta
néi {g,(x)} 1a doc lap tuyén tinh.
Vi du: a) Cac ham 1,sin?(x),cos>(x) la phu thudc tuyén tinh trong (—0,+x)

b) Céc ham 1,x,x> 1a ddc lap tuyén tinh trong (—o0,+0).

o
=]
===
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat
3.2.3 Dinh thirc WronxKki

a. Dinh nghia:
Cho hé ham {g,(x)} (k =1..n) c6 dao ham dén cép (n—1).Khi d6 dinh thirc

WE). RN E)
B2 i 1 W Tt 5 YL (x)

), 2R 2 UKD
dugc goi la dinh thirc Wronxki cua cac ham {gaik(x)}:ﬂ. Ky hiéu la

W [ y,(%), 3, (x);.0, 3, (%)]

b. Dinh I¥ 1: Néu cdc ham {6, (x)} phu thudc tuyeén tinh thi dinh thirc Wrénxki

dong nhat bang khong.

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phwong trinh tuyén tinh thuin nhat
3.2.3 Dinh thirc Wronxki
b. Pinh I¥ 1: Néu cdc ham 1, (x)} phu thugc tuyén tinh thi dinh thite Wrénxki

dong nhat bang khong.
Theo gia thiét ta c6 ad(x)+a,d(x)+..+a,p(x)=0 Vx Zc{f =0 (4)

Viphan (4) theo x (n—1) lan ta duoc

(@, +a,y,+..+a,y,=0

la vy +a, v, +..+a,y =0
J 151 a2 L (5)

{n=1) (n—1) (=)
; 0

|
1
{a]_v PN k@R =

Tai Vx e(a,b) hé (5) 1a hé phuong trinh dai s6 thuan nhat véi cac nghiém «,.

Dé h¢ c6 nghiém thoda mén > o #0 thi dinh thic dong nhat khong tie 1a

i=l

W[y, (x),5,(x),....y,(x)]=0.

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat
3.2.3 Dinh thirc WronxKki
b. Pinh I¥ 1: Néu cdc ham 1, (x)} phu thugc tuyén tinh thi dinh thite Wrénxki

dong nhat bang khong.
Chua y:
Piéu nguoc lai ndi chung khong ding, tic la néu W (x)=0 chua du dam
bao cho y,(x),y,(x),....v,(x) phu thudc tuyén tinh (d6i véi phuong trinh

L,[»]=0 thi ding).

c. Pinh Iy 2: Néu cde ham Vi, Vaseom ¥, LG cac nghiém cua phwong trinh (1) va
doc lap tuyén tinh trong (a,b) lién tuc ciia cdc hé s6 p,(x) cia phwong trinh thi

W(y.yyny, |20 Vxe(ab) .

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat
3.2.3 Dinh thirc WronxKki

c. Dinh I¥ 2: Néu cdc ham Vi, Vaseew ¥, la cac nghiém cua phwong trinh (1) va
déc Idp tuvén tinh trong (a,b) lién tuc cia cdc hé so p,(x) cua phwong trinh thi
W(y.yyny, |20 Vxe(ab) .
Chu v:

Nghiém thoa man bai toan Coési x=x, thi y(x,)=0,....»""(x,)=0 cua

phuong trinh (1) phai 1a nghiém y =0 do tinh duy nhat nghiém.

kit
iy



Chuong 2 - Phuong trinh vi phan cap cao
3.2 Phuong trinh tuyén tinh thuin nhat

3.2.3 Pinh thwe Wronxki

c. Dinh Iy 2: Néu cac ham y,,yv,,...,v, la cac nghiém cua phwong trinh (1) va

doc ldp tuvén tinh trong (a,b) lién tuc cua cdc hé s6 p,(x) cua phiwong trinh thi

W[y ¥ss V] =0  Vxe(a,b)
Ta chirng minh dinh ly bang phan chimng.
Gia sirtai x = x, thi W [y,(x,),55(x)s > 1,(%)] =0  x, €(a,b).
Ta chon cac hing s a, khéng dong thoi bang khong sao cho hé phuong trinh

(ay,(x,) +a,p,(x,) +..+ay(x) =0
sau duge thoa man < ...
1
L

a ”(xu]+c:rjh” Yx)+..+a, 3" (x,)=0

Viée chon ¢ thé lam duoc vi W(x,)=0

Xét ham  y(x)=eay,(x)+a,y,(x)+..+a,y,(x) day la nghiém cua phuong trinh
(1) thoa man bai toan Coési. x=x, thi y*(x,)=0 (k=0.n-1)= y(x)=0 theo
tinh chat duy nhét nghiém. Tic 1a @,y,(x) + @, 1,(x) +...+a,y,(x) =0  Vx e(a,b)

= {y,(x)} la phu thudc tuyén tinh diéu nay vé 1y.

o

=]
===

iy



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat

3.2.4 Hé nghi€ém co ban
Dinh nghia:

Mgt hé gom n nghiém riéng cua phwong trinh L,[y]=0 xdc dinh va déc ldp
tuyén tinh dwoc goi la mot hé nghiém co ban ciia phwong trinh trong khodng

dang xét.

Dinh IV 3: Mpi phuong trinh vi phdn tuyén tinh thuan nhdt déu cé mét hé

nghiém co ban.

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phwong trinh tuyén tinh thuin nhat

3.2.4 Hé nghi€ém co ban

Dinh IV 3: Mpi phuong trinh vi phdn tuyén tinh thuan nhdt déu cé mét hé
nghiém co ban.

Xét phuong trinh L [y]=0. Ta chon mét dinh thirc cap n sao cho
&:det(aﬁ.]iﬂ trong d6 a, =const va lap n nghiém riéng y, (x) (k=1,.,n) sao
chokhi x=ax;€lab) thi 3,(x) =8 % (%) =Gzl (Ks) = Uhys

RS rang W [y(xy),...y,(x,)]=det(a,)=0. Nhu viy {y(x)} la doc lap

tuyén tinh, hay {7, ()} lap thanh mét hé nghiém co ban cua phuong trinh

Ln[}:]:[}.

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat

3.2.4 HE nghiém co ban

Chu ¥:

; s T | | . . . X , -
» Néu chon A= thi hé nghiém co ban dugc lap bang cach trén

0 Dl

duogc goi la hé nghiém co ban chuan tac.

» Moi phuong trinh thuan nhat cap n déu ludén ludn ton tai » nghiém doc lap

tuyén tinh.

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat

3.2.4 HE nghi€ém co ban
Dinh 1¥ 4: Néu {3.(x)} k=1.n 1a mot hé nghiém co ban cua phuong trinh

L,(y)=0 thi nghiém téng quat cua phuong trinh ¢é dang

y(x)=> Cy,(x) (6) trongdd C, =const .
Ta phai chirng minh hai diéu:
7 Ham y(x) xac dinh tir (6) thoa man L (y)=0 diéu nay hién nhién theo

tinh chat cua toan tu L, .

IS =6 G
’ ! ’ !

e | VXY =Gy +C, +ACYy

O Tu hé < o 2 nn

h,}’{”—l}' (X] = C]_V}n_]} + Cg,]""gn_]} +..+C V[”_]}

H«" K

Ta co thé giai ra cac hang s6 C, k=1..n nhung diéu nay cling diang vi

W[y],yz,...,yn];é D Vxe (a,b].

kit
i



Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phuong trinh tuyén tinh thuin nhat

3.2.4 Hé nghiém co ban

Chu y: Cong thic (6) y(x)= ZICH,[}-}(A‘} cho moi nghiém riéng cua phuwong trinh

k=1
tuyén tinh thuan nhat L (y)=0.

(n=1)

That vay ta tim nghiém riéng y(x) sao cho y(x,)=y,,....»" " (x,)=y"",

tire la phai 3C, dé y=Y C,y,.

k=l
Yo = C‘1:"’1 ':xu] T CEJ"; (%) et Cnyn(xﬂ]
Xét hé:

¥ = O )+ Cs T O . O T )

Vi W #0 do tinh chat doc lép tuyen tinh = 3C, dé y=> C,»,.

K=l
Néu y (x),....,y,(x) la hé nghiém co ban chuan tac thi nghiém cua bai toan

(n=1)

Cosi la y =y 3 (x)+ yoys(X) +...+ ¥y w,().

o
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Chuong 2 - Phuong trinh vi phan cap cao
) . ) §3 Phwong trinh tuyén tinh cép cao
3.2 Phwong trinh tuyén tinh thuan nhat
3.2.4 Hé nghi€ém co ban

Vi du: Xét phuong trinh y"— 3y =0

Phuong trinh ¢6 hai nghiém y, =e*,y, =™ va
x =3 ;

H"'['}J],}’J—det[er ¢ ]——Ziﬂ

F_,J'. . E—.’t‘

= y,,y, ladoc lap tuyén tinh. Pay la hé nghiém co ban vi phuong trinh 13 tuyén

tinh cap 2 = nghiém tong quat cua phuong trinh la y(x)= Ce* + C,e™

kit
i




Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.2 Phwong trinh tuyén tinh thuin nhat

3.2.4 HE nghiém co ban

Dinh 1y §: Neu ta co (n+1) nghiem riéng y,.v,,....v,,V,., cud phuwong trinh tuyen
tinh cap n thi cac nghiém do sé phu thuoc tuyén tinh.
Chirng minh

Gia st y,,,,..., v, 1a phu thudc tuyén tinh thi hién nhién dinh ly ding.

Gia sU y,,V,,...y, la doc lap tuyén tinh, khi d6 y.y,...,y, 1ap nén mot hé
nghiém co ban. Do do theo dmnh ly 3 thi y  =aoy+ay, +..+a,),

= ¥..Vyses V., ¥, phu thude tuyén tinh (dpem).

Cha y: Tir dinh Iy 3 va 5 = Moi phuong trinh tuyén tinh thuan nhat £ [y]=0

déu c¢6 dung » nghiém doc lap tuyén tinh.

kit
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Chuong 2 - Phuong trinh vi phan cap cao

§3 Phwong trinh tuyén tinh cap cao

3.3 Phuong trinh tuyén tinh khong thuan nhat

Xét phuong trinh L [y]= f(x) (1)
Phuong trinh thuan nhét tvong tmg 1a L [y]=0  (2)
Dinh ly: Néu biét duoc mét n ghiém rieng cua (1) thi nghiem If:ﬂg quat cua (1) la
rrifng cua nghiem rieng do voi nghiem fr_':':ng quat cua (2).
Chirng minh
Gia str y* la nghiém riéng cua (1), {y,} la hé nghiém co ban cua (2) khi
d6 ta can phai ching minh y = > C.y,+y langhiém tong quat cua (1).

* Hién nhién L [y]=L,[> Coy, |+L,[ ¥ |=f(x) ding véi vC,.

G0 ... 400 310 =y—y*
il £ (2 S giai ra duge C, vi W %0 (dpcm)

(n=11 An=1y _ _in-l) Hin-1)
Al +C y =y =y




Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cip cao

3.3 Phwong trinh tuyén tinh khong thuin nhat

3.3.1 Phwong phap bién thién hing so

Xét phuong trinh L, [y]= f(x) (1)
Phuong trinh thudn nhét twong tmg 1a L [y]=0  (2)
Gia st y,,v,....v, la nghiém riéng doc 1ap tuyén tinh cua phwong trinh
L[y]=0.
Khi dé y(x)=Cy,+C,y, +..+C.y.  (C, (k=1..n) la cac hing so tuy y)

la nghiém tong quét cua phuong trinh.

Pé tim nghiém cua phuong trinh L [¥]=7F(x) ta coi C,=C,(x) ta co

Yx)=Cy/+..+C y. + £J’1 + ...+ aC, ;L
dx dx

kit
i



Chuong 2 - Phuong trinh vi phan cép cao
§3 Phwong trinh tuyén tinh cép cao

3.3 Phuong trinh tuyén tinh khong thuan nhat

3.3.1 Phwong phap bién thién hing so
Pé cho biéu thirc cia y'(x) don gian ta chon C.C,....C. sao cho

dC, dC
+ + S -}:l” = 0 ky
dx dx
Khi do y'(x)=Cyl+..+Cy + ﬁy{ + ...+£y;. Ta chon C, sao cho
dx dx
46, P+ e 46, | S
dx dx

Cudi cling 3 (x) =C (" +...+ C, 30" + ii i d; yo b,

Thay cac dao ham vira tim dwgc vao phuong trinh L [y]=f(x) ta cd

. dC, dC
CL ' (3 (n— 1‘] et gl i 2
; i ﬂ[yi(rj dryl + a’x ./l/rz f(‘r)

dC, dC
Hay —Lp" ™" + . +—2y"Y = f(x
Y oy e = f(x).

kit
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3.3 Phuong trinh tuyén tinh khong thuan nhat

Chuong 2 - Phuong trinh vi phan cép cao
§3 Phwong trinh tuyén tinh cép cao

3.3.1 Phwong phap bién thién hing so

A
d)if .]/1 dx H
acy ;. +dc; 5 o
Vaytacohé < dx g T )
dCl {n—11 d n (n=17
+ .t =f(x
= < S (%)

Do W[yl,...,yn

-~ bl *ra " .l"\ r dC
| 0 nén tur (*) giai ra duy nhat céc d—‘
X

Gia su %-g@ﬁ(.r):c Je;eﬁ x)dx+a; .

Vay  y(x Za y, +Zy J¢5(.r)dx la nghiém tong quat cua phwong trinh

L[y]=rfx).

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cip cao

3.3 Phwong trinh tuyén tinh khong thuin nhat

Xét phuong trinh L [y]= f(x) (1)
Phuong trinh thuan nhét tvong tmg 1a L [y]=0  (2)
Cht y: Nghiém tong quat y(x)=> ay, + . yz.qu. (x)dx gom hai thanh phan
i=l| i=l]
+ Thanh phan thir nhat Zai y, la nghiém tong quat cua L[y]=0.
+ Thanh phan tht hai Z yE.J-gﬁ.(,r)cix la mot nghiém rieng cua phuong trinh

L[y]=f

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cip cao

3.3 Phuong trinh tuyén tinh khong thuan nhat

3.3.1 Phwong phap bién thién hing so

Vidu: Tim nghieém cua phuong trinh »" = S (1)

\ X
Buoc 1: Xét phuong trinh _}’"—izﬂ (2):>L,=l
X y x

- ‘ | A i -
Dodd y'=4x va y =5Ax' + B = chon hé nghi€ém co ban 1a { 1
¥ =
Nghiém tong quét ctia phuong trinh thuan nhat (2) 1a y=Cx*+C, voi C,,C, 1a

hﬁng $0.
(30 = 3C (dC, 1
e g e 2
Bugc 2: Co1 C, =C,(x) va C, =C,(x), ta co h¢ < —= R ,
ST dC, dC, x
2x +0=x L= ——
. dx L dx 2
Viy C = % e 50, =—% +a,. Thay vao nghiém y =Cx* +C,

— Nghiém tong quat cua phuong trinh khong thuan nhat la y = ax’+a, +x° /3 s

o
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

Dang L [y]=y" +ay"™ +..+a,y = f(x) (1)

Trong do a, (i=1..n) la cac hang so6 thuc va f(x) la ham lién tuc trong (a,b)

3.4.1 Phwong trinh tuyén tinh thuin nhét c6 hé s6 hing s6

3.4.2 Phwong trinh tuyén tinh khéng thuin nhat hé s6 hing s6

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

1.4

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

3.4.1 Phwong trinh tuyén tinh thuin nhat c6 hé s6 hiing sb

Xét phuong trinh L [y]=0 (2)

Phuong trinh (2) c¢6 thé giai dugc bang phép tinh dai so:
Dit y =¢™ va tachon k dé thoa man phuong trinh.

Tasd L [e‘“] =" [f’c” +a k" +.. .+ aﬂ] =,
Ky hiéu F(k)=k" +a k"™ +...+ a, =0 va goi la phuong trinh dac trung cua (2).
Khi d6 dé y =¢™ 1a nghiém cua (2) thi k& phai la nghiém cua phuong trinh dic
trung F(k)=0.

Ta xét cac truong hop sau:

a) Phuong trinh F(k)=0 co nghiém don £ ,k,,...,k, khac nhau
b) Phuong trinh dic trung co nghiem thue k = k; boi m

¢) Phuong trinh dac trung ¢6 nghi€m phtre lién hop o, £i3, bdim

o
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

14

3.4 Phwong trinh tuyén tinh cé hé s hing s6

3.4.1 Phwong trinh tuyén tinh thuin nhat c6 hé s6 hiing sb

Xét phuong trinh L [y]=0 (2)

Phuong trinh (2) c¢6 thé giai dugc bang phép tinh dai so:
Dit y =¢™ va tachon k dé thoa man phuong trinh.

Tasd L [e‘“] =" [f’c” +a k" +.. .+ aﬂ] =,
Ky hiéu F(k)=k" +a k"™ +...+ a, =0 va goi la phuong trinh dac trung cua (2).
Khi d6 dé y =¢™ 1a nghiém cua (2) thi k& phai la nghiém cua phuong trinh dic
trung F(k)=0.

Ta xét cac truong hop sau:

a) Phuong trinh F(k)=0 co nghiém don £ ,k,,...,k, khac nhau
b) Phuong trinh dic trung co nghiem thue k = k; boi m

¢) Phuong trinh dac trung ¢6 nghi€m phtre lién hop o, £i3, bdim

o

iy
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Chuong 2 - Phuong trinh vi phan cap cao

, .. . §3 Phwong trinh tuyén tinh cép cao
3.4 Phuwong trinh tuyén tinh co hé so hang so

3.4.1 Phwong trinh tuyén tinh thuin nhét c6 hé s6 hing s6

Xét phuong trinh L [y]=0 2)
Ky hiéu F(k)=k" +ak™™ +...+ a, =0 va goi 1a phuong trinh dac trung cua (2)
a) Phuong trinh F(k)=0 co nghiém don £ ,k,,...,k, khac nhau

Khi dé ro rang y, =" (i =1..n) la cdc nghiém riéng cua phuong trinh (2)
g g g P g

Vidu 1: Xet phuong trinh }"m -3}’" +2y’ =0
Phuong trinh dic trung twong ung k° —3k* +2k =0
Giail phuong trinh = & =0,k, =1,k, =2. Do do ta ¢o cac nghi€ém riéng doc lap
tuyén tinh 1a: y, =1;y, =¢*; y, = &**.

Nghiém tong quat cua phuong trinh y = C, + C,e* + C,e**

kit
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Chuong 2 - Phuong trinh vi phan cap cao

, .. . §3 Phwong trinh tuyén tinh cép cao
3.4 Phuwong trinh tuyén tinh co hé so hang so

3.4.1 Phwong trinh tuyén tinh thuin nhét c6 hé s6 hing s6

a) Phuong trinh F(k)=0 co nghiém don £ ,k,,...,k, khac nhau
Chu y:
Trong truong hop phuong trinh déc trung co nghiém phuc k=« +if thi
(etif)x

thay cho nghiém e cua phuong trinh (2) ta sé co hai nghiem thuc la

y=e“"cosfx va y=e“"sin fx. Dieu nay dugc khang dinh tir bo de.

Bo dé: Neu phwong trinh L [v]=0 co nghiém y=u(x)+iv(x), trong do
u(x),v(x) la cac ham thuc thi cac ham u(x),v(x) cing la nghiem cua phuwong
trinh (doi véi phwong trinh L |v]=0 ciing duing).

Tap cac ham e"*,e“*cos Bx,e* sin fx ddc l4p tuyén tinh trong khoang

(—oc,+) do do chung lap nén mot hé nghiém co ban.

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

14

3.4 Phwong trinh tuyén tinh cé hé s hing s6

3.4.1 Phwong trinh tuyén tinh thuin nhat c6 hé s6 hiing sb

a) Phuong trinh F(k)=0 co nghiém don £ ,k,,...,k, khac nhau
Vi du 2: Xét phuong trinh V" —3)"+9y' +13y=0
Phuong trinh dic trung &° =3k +9k +13 =0
Giai phuong trinh ta dwogc &, =-1;k, =2 +3i;k, =2 -3i
Khi dé cac nghiém riéng ddc 1ap tuyén tinh :

- 2. Ix
P, =e3y; =€ ©0s3x;y,—e" §in3x

Nghiém tong quat cua phuong trinh  y(x) = Cie™ + C,e™ cos3x + C,e”*sin 3x

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

1.4

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

3.4.1 Phwong trinh tuyén tinh thuin nhét c6 hé s6 hing s6

b) Phuong trinh dac trung co nghiem thuc k = k; boi m
Trong trudng hop nay ta chirng minh rang phuwong trinh (2) ¢ céc nghiém

rieng y, = et 1P, = xe Bl 2 x™ et (3)
i £ 2 & « | k)
Tachuyrang: Néu u=wu(xk) thi —L |u(x,k)|=L | ———=
y rang u=u(x,k) vy - [u(x, k)] { Yy }

Ta chirng minh L, [.xfe*f"] =0 voi j=0..m—-1.

Vi phan dong nhat thirc L [e‘“] = F(k)e™ j lan theo k.

Sule T -[erw]” =S e

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

1.4

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

3.4.1 Phwong trinh tuyén tinh thuin nhét c6 hé s6 hing s6

b) Phuong trinh dac trung co nghiém thuc k =k; boi m

Mt khéc theo chu y ta cé ﬁ[g[e* ﬂ =1 [@EL }zL! [.rfei J

Dodé L [.xfe’i] ZC FOk)xe™

Dat k= k :;,L |: J JILr‘f:| ZC Fm(k)xf I Lfr

=0
Nhung vi &, 1a nghiem bd1 m cua phuong trinh
Fk)=0= F(k,)=0,F'(k,)=0,....,F" " (k)=0,F'"™ (k) #0
Do do L [ ’”‘J 0 Vj=12,.,m-1 (dpcm).

Ta chii y hé nghiém (3) la doc lap tuyén tinh trong (—o0,+m).

o
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

1.4

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

>N

3.4.1 Phwong trinh tuyén tinh thuin nhat c6 hé s6 hiing sb

¢) Phuong trinh ddc trung co nghi€ém phue lién hop «. £if, boim

Ta chitng minh rang trong trudong hop nay phuong trinh ¢é 2m nghiém thuc

e %, Fi it ==
y=e’cosfBx,y,=e’xcos B x,.,y, =x""e" cos f.x
- s Q'.I,'.T . " ; . Q.I,'.T L ~ . . i1—1 C{",'.T .
Vua =€’ smpx,y ,=e’ " xsmpx,...y, =x" e’ smfx.

[.Il .'Ii'ﬂl.'_]x — .ri"l—'le[.a .":E-ﬂl" .]'II )

Thét vay theo b) thi (2) co cac nghiém y, =e ' ... Pi=oy

Dua vao bo dé va cong thuc Ole ta nhan dugc 2m nghiém trén, cac nghiém nay

doc 1ap tuyén tinh trong (—oo,+x).

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

1.4

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

3.4.1 Phwong trinh tuyén tinh thuin nhét c6 hé s6 hing s6

¢) Phuong trinh ddc trung co nghi€ém phue lién hop «. £if, boim

Vidu: Xét phuong trinh ' — "+ 83" ~8y"+16y" =16y =0
Phuong trinh déc trung F(k)=k>—k* + 8k —8k* +16k—-16=0
co nghiem k, =1,k, =k, =2i,k, =k, =-2i (nghiem 2/ bd1 2 ; nghiem -2/ boi 2)
Do d6 cdc nghiém y =e¢”,y, =cos2x, y, =sin2x, y, =xcos2x, y. =xsin2x ldp
thanh heé nghiém co ban.

Nghiém tong quat la:

y(x) =Ce* + C,cos2x+ C,sin2x+ x(C,cos 2x + C, sin 2x)

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4 Phwong trinh tuyén tinh cé hé s hing s6

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so

Trong phan nay ta xét dang phuong trinh L' [¥]=f(x). Trudc hét ta ching
minh mét bo dé quan trong goi la NGUYEN LY CHONG CHAT NGHIEM
Bo de:
Xét phuong trinh L [y]=v,(x)+v,(x), trong do v,(x),v,(x) la cac ham lién
tuc. Gia sw:  y,(x) la nghiém cua L [y]=v(x)
v,(x) la nghiém cua L [¥]=w(x).
Khi do y,(x)+ y,(x) la nghiém cia L, [y]=v,(x)+v,(x).
Y nghia ciia bo dé: Néu vé phai f(x) ctia phuong trinh khong thuan nhat

la mot ham phuire tap thi ta cé thé phan tich ham dé thanh tong cua nhiéu ham

don gian va lan lugt giai cac phuong trinh co vé phai la cac ham don gian do.

o
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4 Phwong trinh tuyén tinh c6 hé s6 hiang so

3.4.2 Phuong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so

xét phuong trinh L[y]=f(x) (1)
Ta xét ba truong hop :
a) Truong hop f(x)=4,x° + Ax> "' +...+ A4,
b) Truong hop f(x)=e™(4,x" + Ax" " +...+ A4)

¢) Truong hop f(x) =e™ (Py(x)cosgx + Qy(x)singx)

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phuong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
a) Truong hop f(x)=4,x° + Ax> "' +...+ A4,

e Gia str hé s6 @ =0: Ta ching minh ring phuong trinh ¢é nghiém riéng la
mdt da thitc bdc S. Ta tim nghiém riéng dang ' (x)=B,x" + Bx’ "' +...+ B, .
Thay vao phuong trinh L |¥]= f(x) va so sanh cdc luy thira x* ta s€ x4c dinh

dugc cac hing s6 B (k=1.5)theo 4

Vi du: Xét phuong trinh y" -4y =x

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
a) Truong hop f(x)=A4,x" + 4" +...+ 4,

Vi du: Xét phuong trinh y" -4y =x

Bude 1: Giai phwong trinh thuan nhat twong ing y"—4y =0 cé nghiém tong
quatla y=Ce™ +C,e™.

Budc 2: Tim nghiém riéng cua phuong trinh khong thuan nhat y"— 4y = x
Nghiém riéng cua phuwong trinh c6 dang y*(x)=4Ax+B. Khi d6 co
¥¥(x)=A4,y*" (x)=0. Thay vao phuong trinh ban dau c¢:

|
—44=1 gn
—4(A.x+ B)z.xc::» & - 4 :\»y*(.x)z—i.x
~4B=0" |, _, 4

Vay nghiém tong quat ctia phuong trinh ban dau la y(x)= Ce™ +C,e™ —%x
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
a) Truong hop f(x)=4,x° + Ax> "' +...+ A4,

e Gia st @ =g _,=..=4d_,.=0 con g __ =0 (dieu nay co nghia k=0 la

n-1 n—x
nghiém bo1 « cua F(k)=0).
Ta ching minh ring phuong trinh Z)[y]= f(x) c6 nghiém riéng dang

y (x) = ( xX° +Bx +...+B_q_) . That vay dat y[“'j'zz phuong trinh

(n—ge—1)

L[y]= f(x) c6 dang z"* + a2 +...+a, z= f(x) = phuong trinh ¢
nghiém riéng z" =B x’+...+ B, do d6 tich phian « lan ta thu dugc

L]

P (B“.rj +----+35)-

Vidu: Xet phuong trinh y"+y'=x-2 (n=2,a,=0,a, #0)

kit
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
a) Truong hop f(x)=A4,x" + 4" +...+ 4,

Vidu: Xet phuong trinh y"+y'=x-2 (n=2,a,=0,a, #0)
Budc 1: Giai phuong trinh thuan nhat twong tng 3" + 3’ =0 ¢ nghiém tong quat
la y=C,+C,e™".
Budc 2: Tim nghiém riéng cua phuong trinh khong thuan nhat " + ' = x -2

Nghiém riéng cua phuong trinh c6 dang y'(x)=x(4x+B). Khi do co

y*(x)=24x+ B, y*'(x)=2A4. Thay vao phuong trinh ban dau cé:

24=1 A=

2A+(2Ax+8)=.x—2<:>{ =
2A+ B=-2

B=-3

4

1 L 5 - A , X
— ¥ * (_}:) — _X(E.x —3) — E}:H —3x Ngh]em tDI‘lg quat _}’(I) - C1 3 Cze—x +% .-
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
b) Truong hop f(x)=e™(4,x> + Ax° " +...+ A4,)

Pat y=e¢”z (z la ham can tim). Thay vao phuong trinh ta duoc
e™ [z"”] $h g bﬂz] =gh [Aﬂ.rs +Ax T+ L+ AJ
hay 2z +bz"" +. . +bz=A4x +...+ 4. (5)
Trong dé b =const (i =1..n), ta lai tr¢ vé truong hop a).
Chu y rang néu xét phuong trinh dic trung cta (5)
E”+blf?”‘1+...+bn=0 (6)
va k"+ak"™ +..+a =0 (7)
Thi ta thay néu (6) c6 nghiém k =a thi (7) cé nghiém k =a+ p.

Vinéu z =¢* 1a nghiém ciia (5) thi y =¢'“"”” la nghiém cua (4)
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
b) Truong hop f(x)=e™(4,x> + Ax° " +...+ A4,)

Ta co nhan xét:

l. Néu b =0 thi phuong trinh khéng c6 nghiém k =0 hay phuong trinh (7)
khong cé nghiém k = p. Do d6 ta di dén quy tac:
Néu p khéng phai la nghiém ciia phwong trinh ddc trung F(k)=0 thi phwong
trinh (4) ¢é nghiém riéng y'(x)=e"™ [Bﬂxg +...+ B, J
2. Néu phuong trinh (6) c6 nghiém & =0 boi & thi phuong trinh (7) c6 nghiém
k= p boi a.Do d6 ta cé quy tic:
Néu p la nghiém béi a cia phwong trinh déc trung F(k)=0 thi phicong trinh

s

(4) co nghiém riéng ¥ (x)=e"x (Bﬂ‘xj + ...+ BS—‘
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phuong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so
b) Trudbng hop f(x) =e™ (4, x° + Ax* " +..+ A)

Vidu 1: Phuong trinh "+ y =¢™(x +1) ¢é nghiém riéng dang
y (x)=e"(4x+B).
Vidu 2: Phuong trinh )" — y=¢" (f — l) co nghiém rieng dang
y*(.x)zxer(A.rz + Bx + C).
Vi du 3: Phuong trinh y"+3)"+3)y'+ y=e¢"(x-5) cO p=—1la nghi€ém bd1 3 nén

nghiém riéng c6 dang y" (x)=x’e™ (4x+ B).
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phuong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so

¢) Truong hop f(x) =e™ (P;(x)cosgx + O (x)sin gx)
Ta dua truong hop nay vé truong hop b) thong qua bién doi:

cosgx = %(Equ 4 ot ); Sty %(e"‘f’f g E_E-g_r)

= Flipp R (PS(I) LY (X)J + £lF ( Ps(x) 0O (I)J

2 2i 2 2i

B6), O, (x)}

V. (x) = 70 ( R(x) _Os() J
2 2i : '

V (x) =P
() ( @ _of

Ap dung nguyén 1y chong chat nghiém ta co:
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phuwong trinh tuyén tinh khong thuan nhat c6 hé s6 hing so

¢) Truong hop f(x) =e™ (P;(x)cosgx + O (x)sin gx)
+ Khi p + iq khong 1a nghiém ciia F(k)=0= ta tim nghiém riéng tng v&i vé

(pig

phai la V,(x) co dang y (x)=e' """ R.(x). Vi p+ig khong 1a nghiém cua
F(k)=0= p—ig cung khong la nghiem cua F(k)=0 do do ta tim nghiem
tng v&i V,(x) c6 dang la yi(x)=e"""T.(x). Vi y,y, 1a lién hop suy ra
R (x),T.(x) ctuing lién hop, turc la
Ry (x) = By(x) +i0s ()
Ts(x) = P(x) =iQs(x)
Do do ta co nghiém riéng cua phuong trinh (4) co dang

¥ =y +y, =P (P +iQ )+ (B, —iQ, ) =e” (21_35 cos gx — 20, sin qx)

e

g (55 (x)cosgx + 55 (x)singx
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phuong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so

¢) Truong hop f(x) =e™ (P;(x)cosgx + O (x)sin gx)
Ta co quy tic: Néu p+ig khong phai la nghiem cua F(k)=0 thi phwong trinh
(4) ¢6 nghiém riéng dang vy’ (x) =€F'T(f:35(x)cnsqx+§5 (x)sin q.r). Trong do f:f'?, 55
la da thire bac S cua x.
Vidu 1: Xét phuong trinh " -y =e*xcosx

Nghiém rieng co dang

y(x)=é* [(Alx + B, )cosx +( A,x + B, )sin x]
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Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

3.4.2 Phwong trinh tuyén tinh khong thuin nhat c6 hé sé hiang so

¢) Truong hop f(x) =e™ (P;(x)cosgx + O (x)sin gx)
4+ Néu p+ig 1a nghiém boi o cua phuong trinh F(k)=0 thi twong tu nhu trén
ta cd quy tac:
Néu p+ig la nghiém boi a ciia phwong trinh F(k)=0 thi phuwong trinh (4) cé
nghiém riéng dang y"(x) = e” x* ( F} (x)cosgx + Q:,}s (x)sin qx)
Vidu 2: Xét phuong trinh y"+2)"+2y =¢"(xcosx +3sinx)
Phuong trinh &% + 2k +2 =0 co nghiém —1+i; p+ig=—1+i
Nghiém rieng co dang
¥y (x)=xe™ [( Ax+B,)cosx +(Ax+B, )sin.r] .

Chii y: Néu mot trong céc da thirc P,,Q, c6 bac thap hon S (dic biét = 0) thi néi

chung ca hai da thirc £,,Q, van c6 bic S.
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3.5 Bai tap tham khao

Chuong 2 - Phuong trinh vi phan cap cao
§3 Phwong trinh tuyén tinh cép cao

Phiwrong trinh vi phan tuyén tinh

.

x°y"—=2y=x"cosx, biet mot nghiém riéng cua phuong trinh vi phan thuan nhat
’ 5 2
tuong trng 1a y; = x

. - cotox . .z " - - . 3 ;
Giai phuong trinh y"+=y'+y= =X pidt mot nghiém riéng cua phuwong trinh vi
X X
sin X

phan thuan nhat twong tng y, =

Giai phuong trinh vi phan: x*(x +1)y" =2y biét mot nghiém y, =1+ 1
X
Giai phuong trinh vi phan (xj - ]}y"—Ey:O néu biét mot nghiém cua né cé dang
da thuec.
Giai phuong trinh vi phan (2x +1)y”+(2x —=1)y’ =2y =x" + x bié€t no cé hai nghiém
x* +4x -1 x* +1

rién = v, =
g }II 2 < 2 2

Xac dinh hang s6 o sao cho Y =¢€*" 1a nghiém riéng cua phuong trinh vi phan
y'+4xy' + (4:«:1 - 2]x =0. Tim nghiém tong quat cua phuong trinh.
tim nghiém tong quét cua phuong trinh vi phan (S;r:' +]}ry"+2}»"—63:;\;:4—]235

2

bi¢t ring nd cd hai nghiém riéng y, =2x, y, =(x+1)
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Chuong 2 - Phuong trinh vi phan cap cao
3.5 Bai tap tham khio 83 Phwong trinh tuyén tinh cip cao

Phirong trinh vi phan tuyén tinh hé Y hﬁ:ng Y
1. " =13y =l2y=—1M,

Y =2y"+9y"—18y =0,

@)

y4+y=0,

yW 42y +3y"+2y'+y=0.
y 4398 4358 4 W =0
Y+ =4e”.

y' =3y +2y=3e" +2x .

Rl B B e b b

y'—y=2sinx—4cosx.

9. »"-2y'+4y=¢e"cosx.

10. y"+n’y=sin" nx.

Il. y"+ y=sinxsin2x.

12. x*y"—xy'+2y =xInx f=Inx:

13.(2x+1)y"—4(2x+1)y'+8y=-8x-4  t=In(2x+1).

L’ZZSinUHI) f=T%.

2~

" 1 f
14, y"+—v'+
X %

15. (1 +:r)2y" +(1+x)y"+ y=4cosn(l + x) t=In(1+x).
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